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1. Introduction

In many applications in the physical sciences and engineering,
one of the most significant models is the duffing oscillator. It is
utilized in optical stability, plasma oscillations, electric
circuits, and buckling beams, as demonstrated by Siewe et al.
(2006), Trueba et al. (2003). Huang (2018) suppressed the Van
der Pol oscillator's vibrations using a nonlinear time-delayed
feedback controller, and the impact of the feedback gain at
the bifurcation point was evaluated. Amer et al. (2022) The
vibration analysis and dynamic responses of a hybrid
Rayleigh-Van der Pol-Duffing oscillator were studied using a
proportional-derivative (PD) controller. The average method
was employed to obtain the approximate solution of the
vibrating system. Barron (2016) provided a numerical
explanation for the behavior of a ring of coupled Van der Pol
oscillators' stable and unstable responses. Barron showed
that the Van der Pol oscillator's amplitude rises when the
stability requirements are not satisfied. Comprehensive
bifurcation investigations of the Van der Pol, Duffing, and
Rayleigh oscillators were conducted by Kumar et al. (2016),
Kumaretal. (2017), Kumar et al. (2018), revealing and clarifying
their modulation. Amer et al. (2020b) used two separate time
delays, one for displacement and the other for velocity, to
control the vibration of the oscillator. It was discovered that
the vibrations were reduced by nearly 94% compared to their
value without control, and the effectiveness of the time delay
controller was approximately 17. Kandil et al. (2022) applied
negative cubic velocity feedback control to manage, reduce,
and stabilize a coupled pitch-roll ship model. Kamel (2009)
studied multi-force stimulated coupled Van der Pol oscillators.
He examined the stability of this system at two notable
resonances using frequency response equations. Sayed et al.
(2018) modulated the harmonic and parametric force-induced
vibrations of the Van der Pol oscillator utilizing negative
acceleration feedback control.

A tuned damper, or passive control, was used by Wang et
al. (2018) to suppress the Van der Pol oscillator's vibrations.
Through time-delay analysis, El-Sayed (2021) demonstrated
the effectiveness of positive position feedback (PPF)
controllers with time delays in reducing vibrations in linked
Van der Pol oscillators. Amer et al. (2020a) investigated the
stability of a one-degree-of-freedom Rayleigh-Van der Pol-
Duffing oscillator with cubic nonlinear terms and an external

force, incorporating a nonlinear integral positive position
feedback controller. Hamed et al. (2020) used a nonlinear
proportional-derivative controller (NPD) to reduce vibrations
in a vertical conveyor system. The amplitudes of the two
modes were reduced by roughly 95.33% and 82.45%
compared to their values before using the NPD control. Amer
et al. (2020a) investigated the numerical and stability aspects
of a hybrid Rayleigh-Van der Pol-Duffing oscillator controlled
by nonlinearintegral positive position feedback (NIPPF). When
Sadeghi et al. (2021) investigated particle swarm optimization
(PS0), they found that adding more terms to the selected trial
functions could reduce inaccuracy even more. In this paper,
the negative cubic velocity feedback controller is used to
suppress the vibrations of a hybrid Rayleigh-Van der Pol-
Duffing oscillator excited by an external force. We use the
perturbation technique to solve the hybrid Rayleigh-Van der
Pol-Duffing oscillator up to the second approximation.
Numerically, we investigate the behavior of the vibrating
system before and after using the negative cubic velocity
feedback control. An illustration is provided to demonstrate
the effects of various parameters and negative cubic velocity
on the main system. Finally, there is a good agreement
between the approximate and numerical solutions.

2. Mathematical Formulation

Kumar et al. (2016) introduced the hybrid Rayleigh-Van der
Pol-Duffing oscillator with one degree of freedom as follows:

d’q dg = (dqu
—t0q-2un—+aq +a,| —
g AT T TR,

dq\ dq) ) [dqu 2 pos

+o,| — | +B| — g +5,| — + =0
s(dlj ﬁl(dt q +5 i q +5q R
To suppress the vibrations of the investigated system, a
negative cubic velocity feedback controller will be used, as
shown in Figure 1, which presents the closed-loop of the

controlled system. Then Equation (1) is written as follows:

Negative Cubic Velocity Feedback

F x3 (t) Control Signal

The Main

Setpoint 4 ﬂ'
System

Fecdback Signal

Figure 1. The Closed-loop control system.
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Where the hybrid Rayleigh-Van der Pol-Duffing oscillator's
position is represented by q. We used u = gfi as the hybrid
Rayleigh-Van der Pol-Duffing oscillator's damping coefficient.
The coefficients of nonlinear terms are represented by
@, =£d,.f, = f =123 The van der Pol oscillator's
frequency response is® . The excitation's frequency and
amplitude are Q,f = &2f the negative cubic velocity
feedback’s coefficient is represented byr =¢ f.

In Equation (2), % presents the inertial term, and w?q
represents the linear restoring force. The constant w is related
to the natural frequency of the oscillator. The energy
dissipation in the system given by € ,u%. The parameterise a
small perturbation parameter, and u is the damping
coefficient. f cos (02t) is a periodic forcing term representing
an external periodic driving force with amplitude f, and
angular frequency Q. For more damping, the negative cubic
velocity feedback I' %3 presented as an active control.

3. Perturbation Analysis

Utilizing the multiple-scales method Nayfeh (1978) up to the
second approximation to determine the solution of the
controlled system presented in Equation (2) as follows:

qt: &) =q,(1,, 1, 1)) + £q,(1,, T, T;)

+52‘]2(T2a7;>7;)) (3)

WhereTo =1 Ti =€ and T =2 3re the time scales. We will
convert the derivatives into the following form:

4 =D, +¢&D,+&°D, +...
t
d2
—=D*+2eD D, +& (D} +2D D,)+...
d 2 o 01 1 o2
! (4)
b -
where o7, (n=0, 1, 2). Substituting Equations (3) and (4)

into Equation (2) and then, equating the coefficients of the

same power of € .
0(£°):

(D" +%)q, =0
O(e):

(Dg + a)z)ql = _2D1 (Doqo) + zﬁa)(DOqO)
—a,qs —,(Dyqy)” — 5(Dyq,)’ (6)

0(&%):

(D} +®%)q, =-2D,D,q, —2D}q, —2D,D,q,
+240(Dyg, + Dyq,) - 30?1q§ g, —2a,D,q,(D,q,)
—-2a,D,q,(Dyq,)—30,Dyq, (Doqo)2
-36,D,4,(Dy0,)’ - Bgs (Dygy)

By (Doan)' =Bt + feos@)-T(Dy,)’

By solving the homogeneous differential Equation (5), the
solution takes the following form:

4,(L.T.T) = AT, D)™ + AT, Te ™

Where Ais a complex function in T , T and 4isits conjugate
function. By using Equation (8) to evaluate all terms on the
right-hand side of Equation (6),

D} +w*)q, =(-2iwD A+2iaw* A-3d A* A
0 q, | H |
3id, 0’ A A)e™ + 4,0 A

+Hia,w' 4’ - 4,47 )™ - 24,0’ A4+ cc
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Such that€C are the complex conjugate terms. The secular
terms are the terms that make the solutions of the Equation
(9) approach infinity, and they occur in cases of resonance.

—DiwD| A+2ifi* A-34 A% A-3id3e° A2 4=0 0

After eliminating these terms, the first approximation can be

written as:
n 2
A" i
Q1(T297—{37:)):_ 2 € o
A 33 A 3
i, A" —a, A . A
_Ua, — )e3""T°—2azAA+cc.
8w (11)

The solvability conditions from the first approximation were
obtained from Equation (10) as follows:

3ig,4°A  38,0°4°A

DA = fiwA +
A 2w 2
) ~ 2 2
DI/T:[[a)/T—3la1A A _30{36014 A
2w 2 (12)

To evaluate the second approximation, we will insert
Equations (8) and (11) into Equation (7) as follows:

(DX +a’)q, = (134,84, - 2i0’ 4,4, — 2 f,0*) A* 4*
BALAG BiwA A48, Yo' A A6
+( +
8’ 2 8
~103,A4’ 4> -30° 6, DA’ A -3iT &’ 44
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4’ 2 4
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+
4w 4
| 3id, ad . 3'a,ud 40’ L'a
4 4 3

—2iwD,A)e"" + (7254 44,6, +

—5p,4° A~ +il 0’ A

2
2 —iBwd)e’

. 3 44~ A
o' 4" a0,

+(1.754%G,d, + B’ AY)et

CASSAL i ASA A ‘ALq 4 i
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8w 2 8 (13)

(

After eliminating the secular terms from Equation (13), the
second approximation can be written as:

(Di+@*)q, =Ey(%,, 1. 5) + B, (T, T, T )e™™
+E, (T, T, T,)e™" + Ey(T,, T, T, )e ™"
BT T L) + (L T)e™ vee.
Where E;,j = 0,1, ...,5 are included in the Appendix.
4. The Periodic Solution

In this part, we introduce the detuning parameter o to
evaluate the stability of the investigated system in the primary
resonance case:

Q=w+co (15)

Substituting Equations (15) and (12) into Equation (13) and
eliminating all secular terms yields:

BiLlL4a} 154466, Y%io'G AL
- + -

D,A=

160’ 2 16
SPAR o' AA 9iG AA died 4]
o 2 20 3
2 4o (16)

According to the definition of the first derivative presented in
Equation (4),

dA
—=e&D,A+&°D,A
dt (17)

Inserting Equations (12) and (16) into Equation (17),

dd (. 3ig A4 3ae'd A
—=¢| oA+ -
dt 20 2
Bid L N 154446, Yiwa; 44
160° 2 16
ol SipAA o’ ALA 9p6 A4
® 2 20
o A4 BAA T
3 2 4o
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Returning to the parameters of the main system as follows:

dA Sig A4 3oy’ 4 4
—=| pwA+ -
20 2
 Rid'Aa] N 154’ A aa,
160’ 2
Siw'as A/ 4> SipAA ' A’ A
+ - - -
16 ® 2
Oua 4’4 diwoy A4 pA’A N
20 3 2 4o (19)
By converting function A to its polar form,
1 i0(t)
At)= Ea(t)e
% :l( 1+ aé)ei'g

Where the motion's steady-state phase isa and its amplitude
is presented by a. Inserting Equation (20) into Equation (19)
and equating the real and imaginary parts, we obtain:

2 2
RIONA N 15a,c, o e 2

a= uwa—
# 32 g
—9a—"ua3—ﬁa3+isinq)
8w 8 20 (21)
2 3 2
a(j)zaa—%a3+ 339, a5+9a) % &

8w 256@°
_S_ﬂz.as a)a; s S

+ a’ +—cos@
16w 6 2w (22)

256

Where, ? = ol _9.

5. Fixed-Point Solution

The steady-state amplitude and phase angle of the vibrating
system can be obtained by putting @ = ¢ = 0 which means
that, 8 = o. So, we will obtain the following nonlinear
algebraic system of equations

oo e 330{123 . 9w’} £ —oa
6 ¢ 256w 256 (24)

By squaring each of Equations (23) and (24) and then adding,

we get
2
2 3o’a, £y e’ £y 9o, 1t 2
S| 8 8 )
2
4w +ﬁa3—ya)a—15a‘a3 &
8 32

&a3 J,_%as __a)azz a3
8w 16w 6
~ 330:123 o JoNN 7 oa
256w 256 <25)

+

The stability of the nonlinear differential Equations (21) and
(22) is analyzed by resorting to the first (indirect) method of
Lyapunov as follows:

I 2
@ X An|l®P (26)

Where,
oa 90’y 5 TSos 4
=—=uw- a” + a
=5, MOy 3
2
_9Fa) az _27&1/1(12 _%az
8 8w 8
oa
X2 =5 =, _Cosp
op
_0p _o 9 1656112 3
21 da 2 8»w  256w°
45w3a32 3 25B; 3 waj
256 160 2
0¢ .
122 = _q) = _len¢
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To study the stability of the system in Equation (26), we must
solve the following equation to obtain its eigenvalues, 4,

In—A X2
21 X —A

=0

(28)

By resolving Equation (28), we will have a polynomial of the
second degreein A as

2
A —(le + X2 )/1 + XX~ XX =0 (29)
The stability criteria might be written as

i+ >0  uXn—Xakin -0 (30)

The following section presents a numerical investigation of
the theoretical results discussed earlier.

6. Numerical Results

This section presents the numerical and approximate
solutions for the hybrid Rayleigh-Van der Pol-Duffing
oscillator, both before and after applying the negative cubic
velocity feedback controller at the primary resonance
condition(2 = w). The investigation focuses on the impact of
various parameters on the steady-state amplitudes of the
oscillator.

6.1 Time History

To observe the behavior of the hybrid Rayleigh-Van der Pol-
Duffing oscillator before and after applying the negative cubic
velocity feedback control, we investigated the primary
resonance case. The time histories of the main system for the
open and closed loops are shown in Figures 1a and 1b. The
numerical solution is presented by the solid red line, while the
approximate solution is plotted by the dotted blue line. The
regulated system exhibited an amplitude reduction of
approximately 83% relative to the uncontrolled amplitude.

The aforementioned result indicates that the control's
amplitude without controller

performance (E, = ) is equal to 6.

amplitude with controller

The convention of approximating solutions using the
multiple-scales approach and numerical solutions using the
RK-4 method was also discussed in these figures. From Figure
2, the appropriate values for the cubic velocity coefficient G
wherel' =10

a m— numerical solution
== == = multiple scales solution

Figure 1. The primary amplitude of the system is (a) without the
controller and (b) with the controller.

0 5 10 15 2
r
Figure 2. The effect of the negative cubic velocity influence

coefficient I when =0.5.

6.2 Response Curves

In this section, the frequency response curves are plotted for

—10<0 <10 The impact of the cubic velocity coefficient]’,
the natural frequency @, the damping coefficient#, and the

external forcefare studied. The numerical solution of
Equation (24) obtained for the amplitude of the hybrid
Rayleigh-Van der Pol-Duffing oscillator via the detuning
parameter @ which, is represented by one peak. The solid line
expresses the stable solution, while the dashed line expresses
the unstable solution as shown in Figure 3. From this figure,
the stable solution is presented in the region =7-38<0 <7.38
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and the unstable solution is presented in two regions 0.8
-100<-7383nd7.38<0 <10 |n the stable region, we ik =05
selected two points B (-3.43, 0.07), and C (5.4, 0.04) in the

unstable region, we selected another two points A (-8.92, 0.02), © 0.4}
D (7.86, 0.03). At each point, we determined the eigenvalues
from Equation (25) and investigated stability conditions as
listedin Table 1. From this table, the solution is stable at B, and
C but unstable at A and, D which is in agreement with our
numerical investigation presented in Figure 3. The of the
external force and the coefficient of negative cubic feedback
controller was studied in Figures 4 and 5. These graphs show

0.2f

Figure 4. Response curves for different values of the external force.

that the controlled system's amplitude increases with the

external force but decreases with the coefficient of negative
cubic feedback and that the unstable regions vanish for the 0.4} .
highest theme values. Figures 6 and 7 illustrate how the Ja
amplitude decreases with the natural frequency and damping . 0.2
coefficient. At the lowest theme values, the unstable regions ’
vanish. - -
0-5 e ——
-10 -5 0 -5 10
04 o
0.3}
© (a)
0.2}
X: -3.43
Y: 0.07288 C X: 7.86 0.4}
0.1} % /- D Y:0.03181
----- e L
o_lxsgz X:54 I 0.3f r=10
-10 | § 002803 0 Y:0.0463 10
c ® 0.2}
Figure 3. The response curve of the controlled system at T' =10 01b
Table 1. Determined eigenvalues of some === ek
selected points shown in Figure 3. -10 -5 0 5 10
c
Points Eigenvalues Sign real part a Classify of
Solution (b)
(0, a) M =a+if
A A2 Positive Unstable
=0.069
(-8.92,0.02) +0.0299i
@
B A2 Negative Stable
= —0.0268
(-3.43,0.07) +0.05291
C A2 Negative Stable
= -0.002 G
(5.4,004) +0.0418i
(c)
D A2 Positive Unstable
=0.032 Figure 5.Response curves to different values of the
(7.86,0.03) +0.03651

control gain: (a) ['=5; (b) I'=10; (c) I'=15.
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0.8t
0.6}
© 0.4}
0.2}
OE--- - ) ' “g
-10 -5 0 5 10
c
Figure 6. The response curves to different values
of natural frequency.
0.4}
0.3}
© 0.2}
0.1}
%0 5 0 5 10
(e]
(a)
0.4}
0.3}
n=0.01
® 0.2}
0.1}
-010 -5 0 5 10
c
(b)
0.4f
0.3
u=0.07
© 0.2}
0.1 h —’ , \\-~
) ' b
-10 -5 0 5 10
G

Figure 7. Response curves for different values of the damping
coefficient: (a): u=0.001; (b) u=0.01; (c) p=0.07.

7.Conclusion

The oscillator is one of the most important models in physics
and engineering, where the Duffing equation finds many uses.
It is used in optical stability, plasma oscillations, electric
circuits, and buckling beams. The Rayleigh-Van der Pol-
Duffing oscillator's dynamic responses and vibration analysis
were examined in the presence of an external force. We
employed the multiple-scales approach to obtain the
vibrating system's approximate solution. To reduce the hybrid
Rayleigh-Van der Pol-Duffing oscillator's large amplitudes, the
negative cubic velocity control feedback was incorporated.
The multiple-scale method yields the analytical solution up to
the second approximation. The amplitude of the managed
system was approximately 83% less than that of the
uncontrolled system. This indicates that the performance of
the control E, is rough. According to the study presented, we
can conclude the following:

As the external force increases, so does the system's
amplitude.

ii. The solution is stable at large values of the cubic
velocity coefficient, and the amplitude of the
controlled system decreases as it increases.

iii. Adropinthe natural frequency w causes the system's
amplitude to decrease.

iv. The numerical results and the approximate solution
of the controlled system agree very well.

In our future work, we can improve the behavior of this
oscillator using other types of control, such as the positive
position feedback and the PID controller with time-delay
feedback. It is also possible to combine this oscillator with the
cantilever beam and study the behavior of this new system.
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Appendix
13a,x ) —
EO(TosTlaTz):(Zﬂz_ a)lz ? +2l a)aza3)A2A2;
12542 Aa, 19iwA’ Ao,
El(]—baﬂan)z 3&)2 -2 _ 12 23
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