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1. Introduction and preliminaries

Zadeh (1965) investigated fuzzy set theory. Many authors
utilized the concept of fuzzy set theory in metric space in
number of ways. Banach contraction principal is the elate
result of fixed point theory. Several authors have developed
different contractive conditions to find fixed point in metric
space (Dutta & Choudhury, 2008; Gupta & Mani, 2014; Gupta,
Mani & Tripathi, 2012; Gupta, Saini, Mani & Tripathi, 2015;
Song, 2007; Song & Xu, 2007). Kramosil and Michalek (1975)
defined fuzzy metric space using the concept of t —norm.
George and Veeramani (1994) modified the notion of fuzzy
metric spaces by using continuous t —norm. Gregori and
Sapena (2002) also explored the Banach contraction principal
to fuzzy contractive mapping on complete fuzzy metric space.
Particularly, Mihet (2008) introduced the concept of fuzzy
contractive mappings, which is one of the weak contractions
in fuzzy metric space. In 1997, the concept of weak contraction
was defined (Alber & Guerre-Delabriere, 1997) for single valued
maps on Hilbert spaces.

Rhoades (2001) introduced weakly contractive mapping in
metric space by defining a map T: X — X, which satisfy the
condition d(Tx, Ty) < d(x,y) — ¢(d(x,y)), wherex,y € X
and ¢:[0,%) = [0,0) is a continuous and nondecreasing
function such that ¢(t) = 0ifand onlyift = 0.

Zhang and Song (2009) proved a unique common
fixedpoint theorem of hybrid generalized ¢-weak contraction
for two maps T, S on complete metric space X. The result is
given below.

Theorem 1.1 (Zhang & Song, 2009) Let (X, d) be a complete
metric space and T, S: X = X be two mappings such that for
allx,y € X,

d(Tx,Sy) < M(x,) = p(M(x,)), "

where ¢: [0,0) — [0, 0) is a lower semi-continuous function
with ¢(t) > 0fort € (0,) and
$(0) =0,

M(x,y) = max {d(x, y),d(Tx, x),d(Sy, y),% [d(y,Tx)

+d(x, 5y)1} @)

Then there exists a unique u € X such thatu = Tu = Su.
Doric (2009) established a fixed point theorem which
generalized the result of Zhang and Song (2009) using control
functions, which is given below;

Theorem 1.2 (Doric, 2009) Let (X, d) be a complete metric
spaceandT, S: X — X betwo mappingssuchthatforallx,y €
X,

PY(d(Tx, Sy)) <M (x,y)) — p(M(x,)), (3)

where
1. :][0,) = [0,%0) is a continuous monotone
non-decreasing function with(t) = Oifand onlyift = 0,

2. ¢:[0,%) = [0,0) is a lower semi-continuous
function with ¢p(t) = 0ifand onlyift = 0, and

M(x,y) = max {d(x, v),d(Tx,x),d(Sy,y), % [d(y, Tx)
+d(x, Sy)1} (@

Then there exists a unique u € X such that u = Tu = Su.
The aim of our work is to prove above results in fuzzy metric
spaces. The first theorem is the extension of the result of
Zhang and Song (2009) under the different contractive
conditions using control functions. Second resultis analogous
to the result of Doric (2009) in metric spaces.

Definition 1.1 (Schweizer & Sklar, 1960) A binary operation
*:[0,1] % [0,1] = [0,1] is continuous t — norm if * satisfies
the following conditions

(T-1) * is commutative and associative;

(T-2) * S continuous;

(T-3) a*x1=aforalla €[0,1];

(T-4) axb <cx*dwhenevera <candb < dfor

alla,b,c,d € [0,1].

Definition 1.2 (George & Veeramani, 1994) The 3-tuple
(X, M,*) is said to be fuzzy metric space if X is an arbitrary set,
* is continuous t -norm and M is fuzzy set on X2 X [0, )
satisfying the following conditions forall x,y,z € X and s, t >
0,

(FM-1) My, )>0

(FM-2) M(x,y,t) =1, vVt > 0iffx = y;
(FM-3) M(x,y,t) = M(y,x,t);

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t +5);
(FM-5) M(x,y,.):[0,%) = [0,1] is continuous.

The triplet M(x,y,t) can be taken as the degree of
nearness between x and y with respecttot > 0.

Remark 1.1 (Shen, Qiu & Chen, 2013) Since * is continuous,
it follows from (FM-4) that the limit of the sequence in fuzzy
metric space is uniquely determined.

Let (X, M,*) is a fuzzy metric space then the following
condition also holds:

(FM-6) lime,oM(x,y,t) =1.

Lemma 1.1 (Grabiec, 1988) In fuzzy metric space (X, M,*),
M (x,y,”) is non-decreasing forall x, y € X.
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Definition 1.3 (George & Veeramani, 1994) Let (X, M,*) be a
fuzzy metric space. Then a sequence {x,,} € X is said to be

a) Convergent to a point x € X if for all t>0,
limy,_ oo M (x,,x,t) = 1;

b) Cauchy sequence if for all t>0 and p>0,
IimnHmM(me, X,,t) =1,

c)  Afuzzy metric space (X, M,) is said to be complete if
and only if every Cauchy sequence in X is convergent.

2. Main results

Theorem 2.1 Let (X, M,*) be a complete fuzzy metric space
andT,S: X — X be two mappings such thatforallx, y € X,

M(Tx,Sy,t) = N(x,v,t) + p(N(x,y,t)), (5)

where ¢:[0,1] — [0,1] is a upper semi-continuous function
such that ¢(t) > 0fort € (0,1) and ¢(1) = 0, and

N(x,y,t) = min {M(x,y,t), M(Tx, x, t),
M(Sy,y,t),M(y,Tx,t) = M(x,Sy, t)} (6)

then there exists a unique u € X such thatu = Tu = Su.
Proof. To prove our result, we follow the following steps.
Step- | We showthat N(x,y,t) = 1ifandonlyifx = y,isa
common fixed point of T and S.
Infact,ifx =y =Tx =Ty = Sx = Sy,thenN(x,y,t) = 1.
Let N(x,y,t) = 1,then
M(x,y,t) = N(x,y,t), M(Tx,x,t) = N(x,y,t), M(Sy,y,t)
> N(x,y,t)
wehavex =y =Tx =Ty = Sx = Sy.
Step- Il Let x, be a given point in X. We construct the
sequence {x,} forn = 0 inductively as follows.
Choose a sequence {x,} € X so that Xyp41 = SXzq,
Xon42 = TXynyq and prove that M (x4, X, t) = lasn = «.
Suppose thatnis an odd number. Substituting x = x,, and
Yy = x,_1 in (5), we obtain
M(xp41, X0, t) = M(Txp, Sxp_q,t)
= N(xnt Xn—1, t) + ¢(N(xn' Xn—1» t))
= min{ M (xp, Xp_1,t), M(Txp, xp, t), M(SXp_1, Xn_1,t),
M(xn—li Txn' t) * M(xn' Txn—l' t)}
min{ M(xn' Xn-1s t)' M(xn+1' Xns t)' M(xn' Xn-1s t)'
M(xn—lixn' t) * M(xn:xn i) t)}
which implies thatM (x_,,, x,,t) > M (X,, X, ;,t).
If we take M (Xp41) Xn, t) < M (%, Xp—1,t),
Then N(x,,x, ,,t) = M(x,.,,x,,t) and moreover

n?!n-11

M (Xn+l’ n 't) > M (Xn+1’ n’t) +¢(M (Xn+1’ n 't))
thisis a contradiction. Therefore we have

n+l? n'

M (Xpup X0 1) 2 N (X, X000 8) 2 M(X,, %, 0, 1) (7)

n+1? I'Il n! “n-11

Similarly, we can also obtain inequalities (7) in case when N is
an even number.

So, the sequence {M (X, X,,t)} is non-decreasing

sequence and bounded above. So there existsr > 0, such

that limM(xn+1,xn, t) = limM(xn,xn_l, t) = r, then upper
continuity of @ implies that #(r) < Ilmsup¢(M (X, % 1)

We claim that r = 1. Infact, taking upper limitasn — coon
either side of the following inequality, we have

M(Xn+1’ n't)> N(an n- 1lt)+¢(N(Xn1 n-11 ))l
r =71+ limsup ¢ (M(xp, xp_1,0)),
n—oo

r=r+ ¢((r).
this is a contradiction unlessg(ry=0 at r =1

Hence limM (x,, 41, X, t) = 1. (8)
n—oo

Step -Ill Next we prove that {x,} is a Cauchy sequence. To
prove this, itis sufficient to prove that the sub-sequence {x,,}
of {x,} is a Cauchy sequence. Suppose opposite that the
sequence {x,} is not a Cauchy sequence. Then there exists
€ > 0 such that n(k) is the smallest index for which n(k) >
m(k) >k, we have M (X2 k), X2n(k) ) < €.

Therefore,

M (Xom@ey Xan(iy t) = M(Txm-1,SX2n-1,t)
2 N(xym-1,Xan-1,t) + (N (Xzm-1, X2n-1, 1),
this gives € > € + ¢(e),

this gives a contradiction with €>0.

Thus {x,,}is a Cauchy equence and hence {x, } is a Cauchy
sequence.

In complete fuzzy metric space (X, M,*), there existsu € X
such that sequence x,, = uasn — .

Step - IV Now we prove that u is a fixed point of T and S. For
this suppose thatu # Tu, thenfor M (u, Ty, t) < 1, thereexist
N; € N suchthatforanyn = N,

M(xyp4q,u,t) > M(u, Tu,t),
M (xyp,u,t) > M(u,Tu, t),

M (X2n, X2n41, 1) > M(u, Tu, t).

Under this consideration, we have

M(u,Tu,t) = N(u,x,, t) =
min{ M (u, x,,,t), M(Tu, u, t), M(Sxsn, Xon, t),
M (x5, Tu, t) * M(u, Sxyp, t)} =
min{ M (u, x5, t), M(Tu,u, t), M (X2p41, Xon, t),
M(xan Tu, t) * M(u' Xon+1s t)}
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Lettingn — %, we have
M(u, Tut)>min{M(uut), M(Tu,u,t),
Muut), M(u, Tu,t)*1}=M(u, Tu,t),

Thatis
N(u,x35,t) = M(u,Tu,t) asn — . 9)
Since
M(Tu,x5544,t) = M(Tu, Sx,p, t)
2 N(u, x5, t) + (N (W, X33, 1)),
then lettingn — oo, we have
M(Tu,u,t) = M(Tu,u, t) + p(M(Tu, u, t)),
we obtain a contradiction. Hence Tu = u.

Also, M(u, Su,t) = M(Tu,Su,t) = N(u,u,t)
+p(N(u,u,t)) =M, u,t) + p(M(u,u,t))
impliesSu =u

Suppose there exists another fixed point v € X such that
v = Tv = Sv, then using an argument similar to the above,
we get
M(u,v,t) = M(Tu,Sv, t)
>N, v t)+d(N(u,v,t))
=>Mu,v,t)+d(M(u,v,t)).

Hence u = v. The proof is completed.

Corollary 2.1 Let (X, M,*) be a complete fuzzy metric space
andT: X — X be mapping such thatforallx,y € X,
M(Tx,Ty,t) = N(x,y,t) + ¢(N(x,,1)),
where ¢:[0,1] = [0,1] is a upper semi-continuous function
suchthat ¢(t) > 0fort € (0,1) and ¢(1) = 0, and

N(lel t)= mln{M(lel t), M(TXIXI t]l M(Ty;y; t)l
M(y, Tx,t)*M(x,Ty,t)} (10)

then there exists a unique u € X such thatu = Tu.
Example 2.1 Let (X, M,*) be a complete fuzzy metric space

with metricd(x,y) = |x — y| and X = [0,1]. Let
x x
Tx=§ and szﬁ
foreach x € [0,1]. Then
N(x,y,t)
, t t t t t
= min , )
t+ |x —y| t+7 "t+y't+x—y| t+|x|
t x< <x
t+|x —yl 2 =Y =X
- t
y = Xx.
t
t t t
t+|x—3’|t+|7—x|t+| —y|t+ly-3
t
t+| ~16l)

= t * ‘ 0<y<x
t+|y—— t+|x—%|

For ¢(t) = t? — 1, itis easy to show that
M(Tx,Sy,t) = N(x,y,t) + p(N(x,y,t))
for all x,y € X. One can show that all the condition of
Theorem 2.1 fulfilland T, S satisfy the Theorem 2.1.

Theorem 2.2 Let (X, M,*) be a complete fuzzy metric space
andT,S: X — X be two mappings such thatforall x,y € X,

YM(Tx, Sy, 1)) =2 Pp(N(x,y,)) + p(N(x,y,0)), (11)
where,

1. :[0,1] = [0,1] is a continuous monotone non-
decreasing function with y(t) = 1ifft = 1,

2. ¢:[0,1] = [0,1] is a upper semi-continuous function
¢(t) > 0fort € (0,1) and ¢p(1) = 0, and

L (M(x,y,t), M(Tx,x,t), M(Sy,y,t),

Ny 6) = mln{ My, Tx,t) * M(x,Sy,t) }’
then there exists a unique u € X such thatu = Tu = Su.
Proof. For any x, € X, we construct a sequence {x,} forn = 0
aS  Xons1 = SXxyn, Xon = Txype; and will prove that
M(xy, Xp_q,t) = 1 as n — . Suppose that n is an odd
number, substituting x = x,, and y = x,_; in equation (11),
we obtain
l/J(M(xn+1! Xn» t)) = l/J(M(Txn, an—lt t))

= w(N(xn: Xn-1, t)) + ¢(N(xn' Xn—1, t))

l/J(M (xn+1! Xn» t)) 2 l/J(N(Xn, Xn-1, t)),
this implies that

M(xps1,%n, t) = N(xp, X1, 1) (12)

From triangle inequality, we have
N(Xp, Xp—1,t) = min{ M (x,,, Xp_1, ),
M(xn+1' X t); M(xnf Xn-1s t);
M(xn—l' Xn+1 t) * M(xn' Xn» t)}
= {M(xn' xn—li t): M(xn+1! Xn, t):}

M(xn—lf Xn+1» t)
> min{ M(x,, Xp_1,t), M (Xp41, X, t),
M(xn—l' Xn» t) * M(xn' Xn+1, t)}

If we consider

Ny Xn-1,t) 2 M(Xp41, X, )

2 N(xn' Xn—1s t) 2 M(xn+1' Xns t)'

it further implies that

lzb(M(x‘rHl' Xn, t)) = 1)[)(IVI(x‘rHl' Xn» t))
+d (M (Xp41, Xp 1)),
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this is a contradiction. So we have
M(xn+1: Xns t) = N(xn' Xn-1, t)
= M(xn: Xn-1s t)
this implies
M (x ) =M (X, X, 4 1). (13)
Similarly we can prove that equation (13) is true when N is
even number.
Therefore the sequence{M (X s n,t)} is monotonically non

n+1? n’

decreasing and bounded sequence. Therefore we can write
limM(x,,,, n,t)-llmM(x t)=r.
n—

n’ nl’

Lettingn — oo in the given inequality (11), we get

!//(M( n+1’xn't)) V/(M( n? n -1 ))+¢( ( n?’ n -1 ))’

y(r) 2y (r)+4(r),

which is contradiction, unless r =1 and at g(r) = 0 Hence
limM(x_ ., % ,t)=1. (14)

Next we prove that{Xn } is a Cauchy sequence. To prove

Xon }OF{X, }

is a Cauchy sequence. Suppose{XzH}is not a Cauchy

this it is sufficient to prove that sub—sequence{

sequence, then there existsor which we can find sub-sequence
{XZm(k)} and {XZn(k) } such thatn(k) is the smallest index for

which, n(k) > m(k) > k we have

M (Xameiy » Xangoy 1 1) <0 (15)

This means that M (x t) >0 . From equation

am(k) ' Xan(k)-21
(15) and the triangle inequality, we have

o>M (X2m(k) , x2n(k),t)

X2n(k)-2)
= M(xzm(k)' Xon(i)-2 t) «M (xZn(k)—l' t)
* M(xzn(k)—l' x2n(k); t):

>0*M (X2n(k)—2) ' X2n(k)—l1t) *M (X2n(k)—1’ Xon(k) 1),
Moreover

M (Xamiey Xangioys1 £) = M(X2n00 X2no+1, )

* M(me(k)' X2n(k): t);

M (%zm()-1 X2n(iy» t) 2 M (Xam(ay, Xaniiy )
* M(xzm(k), Xom(k)-1s t)

Using (13) and (14), we have

LmM (Xam(iy-1 Xangep ) = 1 0 =

LmM (Xam ), Xange+10 £)- (16)

Also,

M(xzm(k)-p Xon(k)+1» t)
> M(X2n00) Xangey+1, t) (17)
* M (X2m k)1 X2m (k) t)-

Using (13) and (16), we have

limM M (X1 Xongiysa: 1) = 0. (18)

n—oo

Again, using (14)-(18), we have [im M (Xamiy-1+ Xang 1) = 0.

PUtting X = Xonaya0 Y = Xang I (11), one can get

w(M (X2m(k) ) X2n(k)+1’t)) =y(M (TXZm(k)—l' SXong) 1))
>y (M (X2m(k)—1' Xon(k) 1) +o(M (X2m(k)—1' Xon(k) ),
letting k — coand using (16) and (18), we get

v (0) 2y (0) +4(0),
this is contradiction witho > 0. Thus {x, }is a Cauchy

sequence and hence{xn} is a Cauchy sequence. In complete

metric space X , there exists Z suchthatX, — Z asn — .

Let us now prove that Z is a fixed point for T and S .
(M (Tz, XZn(k)+1’t)) =y (M(Tz, SXZn(k)it))

2y (N(Z, Xp0000 1 1)) + BN (Z, X504, 1)),

using the same argument as in Theorem 2.1 (eg- 9)and letting
N — 0 e obtain

y(M(Tz,2,1)) 2y (M (Tz,2,1)) + (M (T2, 2,1)),

this implies w(M (Tz,z,1)) =1. Hence M(Tz,z,t) = 1 gives
that Z is a fixed point of T .

Thus, we have

w(M(z,Sz2,1)) = w(M(Tz,Sz,1))
2y (N(z,2,1)) + ¢(N(z,2,1))
=y (M (z,Sz,t)) + (M (z, Sz,1)),
this implies w (M (Sz, z,t)) =1.Hence M (Sz,z,t) =1
or Sz = 7.

To prove uniqueness, we consider another fixed point
W e X, then

w(M(z,w,1)) = (M (Tz,Sw, 1))
>w(N(z,w,t)) +o(N(z,w,t))
=y (M(z,w,1)) +¢(M(z,w,1))
thus w (M (z,w,t)) = 1.
Hence M (z,w,t) =1 or Z = W. This completes the proof.
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Corollary 2.2 Let (X,M,*) be a complete fuzzy metric
space and T:X — X be a mapping such that for all
X, yeX,

w (M (T, Ty, 1)) 2 w(N(X, Y, 1)) + #(N(x, y,1)), (19)

where
1. v :[0,1] = [0,1] is a continuous monotone non-

decreasing function with w(t) = Liff t =1,
2. ¢:10,1] = [0,1] is a upper semi-continuous function
¢(t) >0 fort e (0,1) and ¢(1) =0, and

N(x,y,t) =min{M(x,y,t), M(Tx, x, t), M(Ty, y, t),
M(y, Tx, t) * M(x, Ty, t)},
then there exists a unique U € X suchthat U =Tu.

Example 2.2 Let (X, M,*) be a complete fuzzy metric space
with metric d(x,y) = |x—y| and x =[0,1]- Let

Tx :g and Sx =0 foreach x €[0,1] Then
. t t t t
N y ,t = 7 y y ’
(x.y.t) = min t+|x—y]| (L Xty t+|x—y|*t+|x|
2
t X
— —<y<X
t+x—yl 2
t
— y > X
t+y

For ¢(t) =t and () = 3t itis easy to show that

w (M (Tx, Sy, t)) 2w (N(X,y,1)) + #(N(X, y,t)), forall
X, yeX.
All the conditions of Theorem 2.2 are satisfied.

3. Conclusions

In this paper, the use of control functions has renewed the
possibility of establishing new results in fuzzy metric fixed
point theory. We extend the existing result in metric space
towards fuzzy metric space with a new approach of using
control functions.
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