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�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐴𝑑𝑥(𝑡 − 𝜏(𝑡)),   𝑡 > 0                                                                                  

𝑥(𝑡) =  ∅(𝑡),   ∀𝑡 ∈ [−𝜏̅, 0], 𝜏̅ > 0                                                  
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𝑥(𝑡) 𝑥(𝑡 − 𝜏(𝑡))

 

 

  

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

0 ≤ 𝜏(𝑡) ≤ 𝜏̅, �̇�(𝑡) ≤ 𝜇, ∀𝑡 ≥ 0                                          

𝑥(𝑡) ∈ ℝ4×1 𝐴 ∈ ℝ4×4

𝐴𝑑 ∈ ℝ4×4 ∅(𝑡)

 𝜏̅ 𝑎𝑛𝑑 𝜇

[
𝑅 𝑆
𝑆𝑇 𝑅

] ≥ 0;  𝑃 > 0;  𝑄𝑖 > 0, 𝑖 = 1,2;   𝑅 > 0             𝛱 < 0. 

𝛱 = 𝑒1𝑃𝑒4
𝑇 + 𝑒4𝑃𝑒1

𝑇 + 𝑒1(𝑄1 + 𝑄2)𝑒1
𝑇 + 𝑒2(−(1𝜇)𝑄1)𝑒2

𝑇

−  𝑒3𝑄2𝑒3
𝑇 + 𝑒4(𝜏2𝑅)𝑒4

𝑇

                                   

                                   − [
𝑒2

𝑇 − 𝑒3
𝑇

𝑒1
𝑇 − 𝑒2

𝑇]

𝑇

[
𝑅 𝑆
𝑆𝑇 𝑅

] [
𝑒2

𝑇 − 𝑒3
𝑇

𝑒1
𝑇 − 𝑒2

𝑇]     

𝑒1 = [𝐼 0 0]𝑇 , 
𝑒2 = [0 𝐼 0]𝑇 , 
𝑒3 = [0 0 𝐼]𝑇 , 

𝑒4 = (𝐴𝑒1
𝑇 + 𝐴𝑑𝑒2

𝑇)𝑇 . 

 𝑉1(𝑡) = 𝑥𝑇(𝑡)𝑃𝑥(𝑡)                                                             

𝑉2(𝑡) = ∫ 𝑥𝑇(𝑠)𝑄1𝑥(𝑠)𝑑𝑠
𝑡

𝑡−𝜏(𝑡)
+ ∫ 𝑥𝑇(𝑠)𝑄2𝑥(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
       

                                      

 𝑉3(𝑡) = 𝜏 ∫ ∫ �̇�𝑇(𝑠)𝑅�̇�(𝑠)𝑑𝑠𝑑𝜃
𝑡

𝑡+𝜃

0

−𝜏
                                                              

𝑃, 𝑄𝑖 , 𝑖 = 1,2, 𝑅

 η(t)= [xT(t) xT(t-τ(t)) xT(t-τ)]
T

𝑉𝑖(𝑡), 𝑖 = 1,2,3

𝑉1(𝑡)

�̇�1(𝑡) = �̇�𝑇(𝑡)𝑃𝑥(𝑡) + 𝑥𝑇(𝑡)𝑃�̇�(𝑡),

�̇�1(𝑡) = 𝜂𝑇(𝑡)(𝑒4𝑃𝑒1
𝑇 + 𝑒1𝑃𝑒4

𝑇)𝜂(𝑡)                                                                    

𝑉2(𝑡)

�̇�2(𝑡) = 𝑥𝑇(𝑡)(𝑄1 + 𝑄2)𝑥(𝑡) − (1 − �̇�(𝑡))𝑥𝑇

(𝑡 −  𝜏(𝑡))𝑄1𝑥(𝑡 − 𝜏(𝑡)) − 𝑥𝑇(𝑡 − 𝜏)𝑄2𝑥(𝑡 − 𝜏)            

�̇�(𝑡) ≤ 𝜇 < 1, �̇�2(𝑡)

�̇�2(𝑡) ≤ 𝑥𝑇(𝑡)(𝑄1 + 𝑄2)𝑥(𝑡) − (1 − 𝜇)𝑥𝑇(𝑡 − 𝜏(𝑡))𝑄1𝑥

(𝑡 − 𝜏(𝑡)) − 𝑥𝑇(𝑡 − 𝜏)𝑄2𝑥(𝑡 − 𝜏)              (12)                                                                    

 

 �̇�2(𝑡) ≤ 𝜂𝑇(𝑡)(𝑒1(𝑄1 + 𝑄2)𝑒1
𝑇)𝜂(𝑡) − 𝜂𝑇(𝑡) 

 

(𝑒2(1 − 𝜇)𝑄1𝑒2
𝑇)𝜂(𝑡) − 𝜂𝑇(𝑡)(𝑒3𝑄2𝑒3

𝑇)𝜂(𝑡)                  

 

𝑉3(𝑡)

               

 �̇�3(𝑡) = �̇�𝑇(𝑡)(𝜏2𝑅)�̇�(𝑡) − 𝜏 ∫ �̇�𝑇(𝑠)
𝑡

𝑡−𝜏
𝑅�̇�(𝑠)𝑑𝑠.           

                                            

 �̇�3(𝑡) ≤ 𝜂𝑇(𝑡) ((𝑒4(𝜏2𝑅)𝑒4
𝑇) −

                [
𝑒2

𝑇 − 𝑒3
𝑇

𝑒1
𝑇 − 𝑒2

𝑇]

𝑇

[
𝑅 𝑆
𝑆𝑇 𝑅

] [
𝑒2

𝑇 − 𝑒3
𝑇

𝑒1
𝑇 − 𝑒2

𝑇]) 𝜂(𝑡)                               

 

[
𝑅 𝑆
𝑆𝑇 𝑅

] ≥ 0.

𝑉𝑖(𝑡)

 

  

 

   

  

 

 

  

  

  

 

 

  

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

�̇�(𝑡) ≤ ∑ 𝑉𝑖(𝑡)3
𝑖=1                                                                  

 

�̇�(𝑡) ≤  𝜂𝑇(𝑡)𝛱𝜂(𝑡)                                                            

 

𝛱 < 0,

 

 

 

 

 

�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐴𝑑𝑥(𝑡 − 𝜏(𝑡)) + 𝑓(𝑥(𝑡), 𝑡)

             +𝑔(𝑥(𝑡 − 𝜏(𝑡)), 𝑡),                                           

𝑥(𝑡) =  ∅(𝑡),   ∀𝑡 ∈ [−𝜏̅, 0], 𝜏̅ > 0 

𝐴, 𝐴𝑑, 𝜏(𝑡) ∅(𝑡)

𝑓(𝑥(𝑡), 𝑡)  𝑔(𝑥(𝑡 − 𝜏(𝑡)), 𝑡)

𝑓(0, 𝑡) = 𝑔(0, 𝑡) = 0

 

𝑓𝑇(. )𝑓(. ) ≤ 𝛼2𝑥𝑇(𝑡)𝐹𝑇𝐹𝑥(𝑡)                                                                           

 

𝑔𝑇(. )𝑔(. ) ≤ 𝛽2𝑥𝑇(𝑡 − 𝜏(𝑡))𝐺𝑇𝐺𝑥(𝑡 − 𝜏(𝑡)),                  

‖𝑓(. )‖ ≤ 𝛼‖𝑥(𝑡)‖ + 𝛽‖𝑥(𝑡 − 𝜏(𝑡))‖                                

𝛼 ≥ 0 𝛽 ≥ 0

                                  

                                   

 

𝑓𝑇(. )𝑓(. ) ≤ 𝛼2𝑥𝑇(𝑡)𝐹𝑇𝐹𝑥(𝑡)

+𝛽2𝑥𝑇(𝑡 − 𝜏(𝑡))𝐺𝑇𝐺𝑥(𝑡 − 𝜏(𝑡))                                      

𝐹 𝐺

𝛼

𝛽 

 𝑃, 𝑄𝑖 , 𝑖 = 1, 2,  𝑅 𝜀 ≥

0; 𝑆

[
𝑅 𝑆
𝑆𝑇 𝑅

] ≥ 0;

𝑃 > 0;  𝑄𝑖 > 0, 𝑖 = 1,2;   𝑅 > 0 

 

𝛱 < 0. 

𝛱 = �̅�1𝑃�̅�5
𝑇 + 𝑒5̅𝑃�̅�1

𝑇 + �̅�1(𝑄1 + 𝑄2 + 𝜖𝛼2𝐹𝑇𝐹)�̅�1
𝑇

+�̅�2(−(1 − 𝜇)𝑄1 + 𝜖𝛽2𝐺𝑇𝐺)�̅�2
𝑇 −   �̅�3𝑄2�̅�3

𝑇 − �̅�4(𝜖𝐼)�̅�4
𝑇

         +�̅�5(𝜏2𝑅)�̅�5
𝑇 − [

�̅�2
𝑇 − �̅�3

𝑇

�̅�1
𝑇 − �̅�2

𝑇]

𝑇

[
𝑅 𝑆
𝑆𝑇 𝑅

] [
�̅�2

𝑇 − �̅�3
𝑇

�̅�1
𝑇 − �̅�2

𝑇]
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=

=

=

=

�̅�5 = (𝐴�̅�1
𝑇 + 𝐴𝑑�̅�2

𝑇 + �̅�4
𝑇)𝑇 . 

 �̇�(𝑡) = [𝐴 + ∆𝐴(𝑡)]𝑥(𝑡) + [𝐴𝑑 + ∆𝐴𝑑(𝑡)]𝑥(𝑡 − 𝜏(𝑡))                                         

   
𝑥(𝑡) =  ∅(𝑡),   ∀𝑡 ∈ [−𝜏̅, 0], 𝜏̅ > 0. 

 

∆𝐴(𝑡), ∆𝐴𝑑(𝑡) 

𝐴(𝑡) 𝐴𝑑(𝑡)

 

[∆𝐴(𝑡) ∆𝐴𝑑(𝑡)] = 𝐷 𝐹(𝑡)[𝐸𝑎 𝐸𝑏]                                                                      

                                                            

 𝐹𝑇(𝑡)𝐹(𝑡) ≤ 𝐼, ∀𝑡                                                              

𝐹(𝑡)

𝐷, 𝐸𝑎 , 𝐸𝑏

𝐹(𝑡)

𝜏 > 0, 𝜇 > 0,

𝜏(𝑡)

 

 

𝜏̅ > 0  𝜇 > 0

[
𝑅 𝑆
𝑆𝑇 𝑅

] ≥ 0;  𝑃 > 0;  𝑄𝑖 > 0, 𝑖 = 1,2;   𝑅 > 0 
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𝛱 <

0 𝐴 𝐴𝑑

∆𝐴(𝑡)  =  𝐴 +  𝐷𝐹(𝑡)𝐸𝑎  ∆𝐴𝑑 =  𝐴𝑑  +  𝐷𝐹(𝑡)𝐸𝑏

𝛱 < 0

  𝛱 + 𝛱𝑢 + 𝛱𝑢
𝑇 < 0                                                            
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𝛱𝑢 𝛱𝑢 = 𝐻𝐹(𝑡)𝐸.

𝛱 + 𝐻𝐹(𝑡)𝐸 + (𝐻𝐹(𝑡)𝐸)𝑇 < 0

max
𝑃,𝑄1,𝑄2,𝑅

𝜏

[
𝑅 𝑆
𝑆𝑇 𝑅

] ≥ 0;  𝑃 > 0;  𝑄𝑖 > 0, 𝑖 = 1,2;   𝑅 > 0
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 system under different parametric uncertainties.  

The deduced result of this work is more realistic in operating 

conditions in real time temperature control system. 
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