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 𝑉 =  1…𝑣 

 𝐾 =  1…𝑘 

 𝐼 =  1… 𝑖 

 𝐽 =  1… 𝑗 

 𝑀 =  1…𝑚 

 𝑁 = 𝐼  𝐽 =  1… 𝑖     𝑖 + 1… 𝑖 + 𝑗 

 

 𝑛 + 𝑚

 𝑘 ∈ K

 𝑥𝑖𝑗
𝑣

𝑘

𝑖𝑗 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁 𝑣 ∈ 𝑉

𝑘 ∈ 𝐾

 𝑦𝑖𝑘
𝑣 𝑖 ∈ 𝑁 𝑣 ∈

𝑉 𝑘 ∈ 𝐾

 𝐿𝑖𝑘
𝑣 𝑣 ∈ 𝑉

𝑖 ∈ 𝐼 𝑘 ∈ 𝐾

 𝑍𝑖𝑘
𝑣 𝑘 ∈ 𝐾 𝑣 ∈ 𝑉

𝑖 ∈ 𝐼

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 



  

 𝑢𝑣 𝑣 ∈ 𝑉 

 𝑃𝑖 𝑖 ∈ 𝐼

 𝑔𝑖
𝑚 𝑚 ∈ 𝑀

𝑖 ∈ 𝐼

 𝑞𝑖𝑗𝑘
𝑣 𝑗 ∈ 𝐽

𝑣 ∈ 𝑉 𝑘 ∈ 𝐾 𝑖 ∈ 𝐼

 𝐶𝐶𝑖 𝑖 ∈ 𝐼

 𝑊𝑘
𝑣 𝑣 ∈ 𝑉 𝑘 ∈

𝐾

 𝑇𝑖𝑘
𝑣 𝑖 ∈ 𝑁

𝑣 ∈ 𝑉 𝑘 ∈ 𝐾

 

 𝛼

 𝑠

 Θ

 𝑄𝑗 𝑗 ∈ 𝐽

 𝐶𝑣 𝑣 ∈ 𝑉

 𝑟𝑖𝑗 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁

 𝜇𝑣 𝑣 ∈ 𝑉

 𝜌𝑖 𝑖 ∈ 𝐼

 𝜚𝑖 𝑖 ∈ 𝐼

 𝑝𝑚 𝑚 ∈ 𝑀

 𝑐𝑚 𝑚 ∈ M

 𝛿𝑗

𝑗 ∈ 𝐽

 𝛾

 𝛽

 𝑁𝑢𝑚𝑗

𝑗 ∈ 𝐽

 𝑓𝑐𝑗 𝑗 ∈ 𝐽

𝑁𝑢𝑚𝑗

 𝑚𝑎𝑟𝑔𝑖𝑛𝑗

𝑗 ∈ 𝐽

 

 

 

 

 

 

 

 

 𝑆𝑗 𝑗 ∈ 𝐽

 𝜌𝑖

 𝑝𝑚

𝛽

 𝑁𝑢𝑚𝑗

 

𝑆𝑗

𝑗 ∈ 𝐽

𝑆𝑗 =
𝐶𝐴𝑃𝐸𝑋+𝑂𝑃𝐸𝑋

𝑓𝑐𝑗 
+ 𝑚𝑎𝑟𝑔𝑖𝑛𝑗

𝑆𝑗 =
𝑁𝑢𝑚𝑗∗(𝐶𝐴𝑃𝐸𝑋+𝑂𝑃𝐸𝑋)

𝑓𝑐𝑗
+ 𝑚𝑎𝑟𝑔𝑖𝑛𝑗

 

 

 

 

 

  

  

 

 

 

 

 

 

 

  

 

 

 

 

  

  

 
 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

             

            

      

             

  

 

  

 

 

 

 

 

 

   

 



  

min 𝑓 =  ∑ ∑ ∑ ∑ 𝑟𝑖𝑗𝜇
𝑣𝑥𝑖𝑗

𝑣

𝑘
𝑣∈𝑉 

+ ∑𝛽𝑢𝑣 

𝑣∈𝑉𝑘∈𝐾𝑗∈𝑁𝑖∈𝑁

                + ∑ ∑ ∑  𝛾 𝑦𝑖𝑘
𝑣

𝑣∈𝑉𝑘∈𝐾𝑖∈𝑁

 + ∑𝜌𝑖𝑃𝑖  

𝑖∈𝐼

  min 𝑓 =  ∑∑ ∑ ∑ 𝑟𝑖𝑗𝜇
𝑣𝑥𝑖𝑗

𝑣

𝑘
𝑣∈𝑉 𝑘∈𝐾𝑗∈𝑁𝑖∈𝑁

 (4c) 

s.t. 
 

 

 

∑ 𝑥𝑗𝑖
𝑣

𝑘
𝑖∈𝑁|𝑖≠𝑗

=  𝑦𝑗𝑘
𝑣       ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 

∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑖∈𝑁|𝑖≠𝑗

=  𝑦𝑗𝑘
𝑣      ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑗∈𝑁|𝑖≠𝑗

+ ∑ 𝑥𝑗𝑖
𝑣

𝑘
𝑗∈𝑁|𝑖≠𝑗

≤  2𝑦𝑖𝑘
𝑣          

∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑗∈𝑁|𝑖≠𝑗

≤  𝐿𝑖𝑘
𝑣     ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

𝑥𝑖𝑗
𝑣

𝑘
≤ 𝑦𝑖𝑘

𝑣       ∀𝑖 ∈ 𝑁, ∀𝑗 ∈ 𝑁, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

𝑦𝑗𝑘
𝑣 ≤ 𝑦𝑖𝑘

𝑣        ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑗∈𝑁,𝑗≠𝑖

= 𝑍𝑖𝑘
𝑣       ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

∑ ∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑗∈𝑁|𝑖≠𝑗𝑖∈𝐼

= ∑𝑍𝑖𝑘
𝑣  

𝑖∈𝐼

     ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

∑𝑦𝑗𝑘
𝑣

𝑗∈𝐽

≤ 𝜂 ∗ ∑𝑍𝑖𝑘
𝑣  

𝑖∈𝐼

  

 ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ V, 

(5) 

 

𝑆𝑗 =
𝑁𝑢𝑚𝑗∗(𝑇𝑅𝐴+𝑉𝐸𝐻+𝑃𝐸𝑁+𝑅𝐴𝑊+𝐼𝑁𝑉+𝑀𝐶𝐻)

𝑓𝑐𝑗
+ 𝑚𝑎𝑟𝑔𝑖𝑛𝑗           

 𝑁𝑢𝑚𝑗  𝑓𝑐𝑗  𝑚𝑎𝑟𝑔𝑖𝑛𝑗

𝑆𝑗

min 𝑓 =  ∑∑ ∑ ∑ 𝑟𝑖𝑗𝜇
𝑣𝑥𝑖𝑗

𝑣

𝑘
𝑣∈𝑉 

+ ∑𝛽𝑢𝑣  + ∑ ∑ ∑ 𝛾 𝑦𝑖𝑘
𝑣

𝑣∈𝑉𝑘∈𝐾𝑖∈𝑁𝑣∈𝑉𝑘∈𝐾𝑗∈𝑁𝑖∈𝑁

 

 

                    +∑𝜌𝑖𝑃𝑖  

𝑖∈𝐼

+ ∑𝜚𝑖𝐶𝐶𝑖 + ∑ ∑  𝑔𝑖
𝑚 𝑝𝑖

𝑚

𝑚∈𝑀𝑖∈𝐼𝑖∈𝐼

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 
 

 

) 



  

 

𝑇𝑗
𝑣

𝑘
≥ 𝑇𝑖

𝑣
𝑘
+

1

𝑠
𝑟𝑖𝑗𝑥𝑖𝑗

𝑣

𝑘
− Θ(1 − 𝑥𝑖𝑗

𝑣

𝑘
)   

       ∀𝑖 ≠ 𝑗, ∀𝑖 ∈ 𝑁, ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

𝑇𝑖 = 0                ∀𝑖 ∈ 𝐼 
 

𝑊𝑘
𝑣 = ∑∑

1

𝑠
𝑗∈𝑁𝑖∈𝑁

𝑟𝑖𝑗𝑥𝑖𝑗
𝑣

𝑘
+ ∑∑𝛿𝑖𝑦𝑖𝑗

𝑣

𝑘
𝑗∈𝑁𝑖∈𝑁

                    

 ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 
 

𝑊𝑘
𝑣 ≤ 𝛼 ∑𝑍𝑖𝑘

𝑣  

𝑖∈𝐼

       ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 

∑∑𝑞𝑖𝑗𝑘
𝑣

𝑗∈𝐽𝑖∈𝐼

≤ 𝐶𝑣  ∑𝑍𝑖𝑘
𝑣  

𝑖∈𝐼

     ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 

∑𝑞𝑖𝑗𝑘
𝑣  

𝑖∈𝐼

≤ 𝑄𝑗  𝑦𝑗𝑘
𝑣        ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 

∑ ∑ ∑𝑞𝑖𝑗𝑘
𝑣  

𝑖∈𝐼𝑘∈𝐾

= 𝑄𝑖

𝑣∈𝑉

       ∀𝑗 ∈ 𝐽 

 

∑𝐿𝑖𝑘
𝑣

𝑖∈𝐼 

≤ 1        ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 

𝐿𝑖𝑘
𝑣 = ∑𝑥𝑗𝑖

𝑣

𝑤
𝑗∈𝑁

     

      ∀𝑖 ∈ 𝐼, ∀𝑣 ∈ 𝑉, ∀ 𝑤 ∈ 𝐾 | 𝑤 = 𝑘 − 1 
 

𝑢𝑣 ≥ ∑𝑍𝑖𝑘
𝑣  

𝑖∈𝐼

      ∀𝑣 ∈ 𝑉, 𝑘 = 1 

 

∑ 𝑊𝑘
𝑣

𝑘∈𝐾

≤ Θ         ∀𝑣 ∈ 𝑉 

 

∑ ∑ ∑ 𝑥𝑖𝑗
𝑣

𝑘
𝑗∈𝑁|𝑖≠𝑗𝑘∈𝐾𝑣∈𝑉

≤ 𝜂 ∗ 𝑃𝑖                                          

∀𝑖 ∈ 𝐼, 𝜂  
 

𝐶𝐶𝑖 = ∑ ∑  

𝑘∈𝐾

∑𝑞𝑖𝑗𝑘
𝑣  

𝑗∈𝐽𝑣∈𝑉

         ∀𝑖 ∈ 𝐼 

 

∑ 𝑔𝑖
𝑚 𝑐𝑖

𝑚 

𝑚∈𝑀

≥ 𝐶𝐶𝑖            ∀𝑖 ∈ 𝐼 

 
𝑇𝑗

𝑣

𝑘
≤ 𝛼 𝑦𝑗𝑘

𝑣        ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 
𝑞𝑖𝑗𝑘

𝑣 ≥ 0         ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

 
𝐿𝑖𝑘
𝑣 =  0,1            ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉 

𝑦𝑖𝑘
𝑣 =  0,1           ∀𝑖 ∈ 𝑁, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

𝑍𝑖𝑘
𝑣  =  0,1         ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

𝑥𝑖𝑗𝑘
𝑣 =  0,1                                                                     

 ∀𝑖 ∈ 𝑁, ∀𝑗 ∈ 𝑁, ∀𝑘 ∈ 𝐾, ∀𝑣 ∈ 𝑉

𝑢𝑣 =  0,1          ∀𝑣 ∈ 𝑉

𝐶𝐶𝑖 ≥  0        ∀𝑖 ∈ 𝐼                                                          

𝑔𝑖
𝑚 ≥  0,1,2, … ,∞         ∀𝑖 ∈ 𝐼, ∀𝑚 ∈ 𝑀,

𝑣 ∈ 𝑉 

 (𝑘 − 1)

𝑣 ∈ 𝑉  𝑘 ∈ 𝐾

 𝑖 ∈ 𝐼

𝑗 ∈ 𝐽

 𝑘 ∈ 𝐾

 𝑣 ∈ 𝑉

 𝑣 ∈ 𝑉

𝑗 ∈ 𝐽  𝑘 ∈

𝐾  Θ

 𝑖 ∈ 𝐼

 𝑘 ∈ 𝐾

 𝑣 ∈ 𝑉  𝑘 ∈ 𝐾

 𝑣 ∈ 𝑉

𝑖 ∈ 𝐼

 𝑖 ∈ 𝐼

 𝑚 ∈ 𝑀

 𝑖 ∈ 𝐼

 

 

 

  

 

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

          

          

          

          

   

  

 

  

 

 

 

 

 

 

 

   

 

 

 

 

  

 

 

 

 

 

 

 

(15) 

) 

) 



  

𝛼 [ ]

𝑠 [ ⁄ ]

Θ [ ]

𝐶𝑣  m3

𝜇𝑣 [ ⁄ ]

𝛿𝑗 [ ]

𝛾

𝛽𝑣 [ ⁄ ]

𝑐𝑖
𝑚

𝜌𝑖

𝜌1 = 𝜌3 =

 [$]

[𝐦𝟑/𝐝𝐚𝐲]

𝑣 ∈ 𝑉

 𝑘 ∈ 𝐾
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model. 

 

 

the MDMPVRPHFMRWP model and MDMPVRPHFMR 

model. 
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