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ABSTRACT 
 
This paper evaluates the effects of Rayleigh fading, shadowing, and spatial distribution of the Mobile Terminals 
(MTs) on the operating performance of Slotted Aloha (S-Aloha) used as a Random Access Channel (RACH). This 
paper also evaluates the capture probability in a channel exhibiting Rayleigh fading, shadowing, and the effect of 
spatial distribution of the MTs. In addition, this work presents a different version of the steady-sate probabilities of 
the Markov chain of S-Aloha considering capture effect. This article simulates the stabilization of S-Aloha by utilizing 
an algorithm that dynamically controls the retransmission probabilities. Finally, this paper presents a numerical 
analysis of these simulations and identifies the operating of parameters that have shown to degrade system 
response.  
 
RESUMEN 
 
Este artículo evalúa las prestaciones de Aloha ranurado (S-Aloha), usado por el terminal móvil en la fase de petición 
de canal aleatoria, considerando los efectos de desvanecimiento Rayleigh, sombreo y distribución de los 
terminales móviles. También evalúa la probabilidad de captura en un canal exhibiendo desvanecimiento Rayleigh, 
sombreo y distribución espacial de los móviles. Además, se presenta una versión diferente de las probabilidades en 
estado estable con efecto captura de la cadena de Markov de S-Aloha. Por otro lado, se simula la estabilización de 
S-Aloha, empleando un algoritmo que controla dinámicamente las probabilidades de retransmisión. Por último, se 
lleva a cabo un análisis numérico de los resultados y se identifican aquellos parámetros que degradan la respuesta 
del sistema de comunicaciones móviles celulares. 
 
KEYWORDS: Mobile communications, Capture effect, Retransmission algorithm, S-Aloha stability. 
 

 
1. INTRODUCTION 
 
In mobile communication systems, a Medium Access Control (MAC) protocol facilitates communication between the 
Mobile Terminal (MT) and Base Station (BS) beginning with a MT service request via the Random Access Channel 
(RACH). It is worth to emphasize that given the present randomness characteristics in a mobile communication 
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scenario, it is necessary to count with a Medium Access Control technique, that can efficiently cope with the possible 
interference among MTs which use simultaneously the RACH directed toward the same BS, i.e., the MAC technique 
should help prevent and solve these problems, as well as optimize the request of the channel in order to have high 
throughput and low average delay. 
 
Due to Rayleigh fading, shadowing, and spatial distribution of the MTs, the BS typically receives different power levels 
from each MT. Because of these differing power levels, the S-Aloha access protocol capture effect will likely enable 
one data packet out of a large number of colliding data packets to be read correctly, thus improving S-Aloha 
throughput [1, 2]. 
 
It is well known that S-Aloha (as a RACH) has serious limitations in terms of throughput (0.368 is the maximum), and 
has stability problems as channel traffic (or load channel) increases [3]. When using a retransmission algorithm such as 
S-Aloha, it is necessary to base that algorithm on the dynamic control of retransmission probabilities. 
  
This paper presents a performance evaluation of S-Aloha determining what parameters are highly sensitive to system 
performance. Section 2 of this paper offers a different opinion analyzed in [4, 5], presenting an alternative version of 
the state transition probabilities of a cellular system while obtaining the capture probability of a channel exhibiting 
Rayleigh fading, shadowing, and spatial distribution of the MTs. This section also models the S-Aloha access protocol 
using Markov chains to provide a detailed insight into the dynamic behavior of the network. In addition, this section 
presents an algorithm of retransmission adaptable to the conditions of traffic changes. 
 
Section 3 of this paper simulates the capture effect and the stabilization of the system. This simulation process utilizes 
a Real Time Emulator (RTE) [6], to enhance the simulation of Rayleigh fading, shadowing, and spatial distribution of 
the MTs to enable performance testing of a cellular system under various scenarios. Finally, this paper presents a 
numerical analysis of these simulations and identifies parameters that have shown to degrade system performance. 
 

2. MODELING OF THE RACH  
 
The RACH analysis presented in this paper considers only the up-link communication (from MT to BS). A retransmission 
occurs when there is a collision and the MT receives a BS positive acknowledgment. As mentioned before the first 
interaction between the MT and the BS is given in the access request, in which, two or more MTs try to transmit, or 
when retransmitting in the same time-slot, a collision of request packets unavoidably is presented. Once reached this 
situation, the system puts the MTs involved in the collision in a backlogged state. In view of such possibility and given 
the randomness process it is necessary the modeling of the state probabilities. Due to the possibility to determine the 
number of backlogged MTs in each time-slot, by controlling the transmission probability of MTs in retransmission state 
(backlogged), as well as in idle state (new generated packets), an orderly arrival of requests to the RACH channel is 
permitted. Since MTs are identical and operate independently, the behavior of S-Aloha is described by means of a 
finite state Markov chain with M mobile terminals modeled by a birth-death process. 
 
The initial stage of RACH modeling and analysis is performed on a slot-by-slot basis, where the time-slots are 
numbered sequentially, k=0, 1, 2,…. Moreover, let ηs(k) be the number of backlogged MTs at the beginning of the 

k-th slot. The quantity ηs(k) can assumes one of (M+1) possible values of {0, 1, 2,…, M} and can be considered as the 

state variable of the system. Since the system is memoryless, ηs(k) is a finite Markov chain with the transition 
probability P (P[pij]) where ( ) ( )( )ik|jkPrlimp ss

kij =−η=η=
∞→

1  is given by 
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where ν is the probability that a MT retransmits a packet, and ϕ is the probability that a MT generates a new packet.  
 
For 0<ϕ<1 and 0<ν<1, the Markov chain is finite, irreducible and aperiodic. Under these conditions, the Markov chain 
is always stable in the sense that at time, ( )( )ikPr  lim s

k
i =η=π

∞→
 converges to a valid probability mass function (i.e., all 

the probabilities are non-negative and they add to 1). The steady-state probability vector π, whose elements are πi is 

the solution to the finite set of linear equations π=πP, and ,
M

i
i∑

=
=π

0
1  [7]. It is advisable to analyze the system behavior 

in a steady-state, since the solution to the distribution in equilibrium of the steady-state of the Markov chain enables 
the evaluation of the system performance. 
 

2.1. Modeling the Throughput of the RACH  

In order to evaluate the system throughput, it is assumed that the initiation of transmission is coincidental to the 
beginning of each time-slot, and that activity in any given time-slot is independent of the activity within any previous 
time-slot. Based on this premise, the fraction of time that a channel transports useful information or throughput, S, is 
equal to the average fraction of slots in any successful transmission. 
The throughput S, is expressed as 

                                                     ∑
=

π⋅==
M

i
isuccsucc )i(P)]i(P[ES

0
,                                                                       (2) 

                                   ( ) ( ) ( ) ( ) ( ) ( ) iMiiMi
succ vviiMviP −−−− ϕ−⋅−⋅⋅+ϕ−⋅ϕ⋅−⋅−= 1111 11 ,                                         (3) 

where the vector of probability of the steady state π can be calculated resolving the finite set of linear equations 

π=πP. 

2.2. Modeling the Capture Effect of the RACH  
 
Up to this point, the modeling of S-Aloha as a RACH, has been considered within a noiseless channel where all data 
packets arrive at the BS with the same power levels. Under these conditions, when two or more data packets 
simultaneously arrive at the BS, they will collide and will be destroyed. However, since data packets typically arrive at 
the BS at different power levels, capture effect occurs and reduces the probability of the destruction of the colliding 
data packets, which results in an increase of system throughput [8]. 
 
Capture probability ( )iPcapt , i>0, is defined as the probability that one of i collided data packets will be successfully 

received. In addition, the threshold between the power of the signal and the power of the possible interferers should 
be greater than a certain margin known this as capture ratio (R) [1].  
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Considering this scheme, to deference from [4, 5], a differing version of the state transition probabilities regarding 
capture effect is determined by 
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Since the Markov chain is homogeneous, the vector of steady-state probability π, can be calculated by solving a group 

of non-linear equations π=πP, and ∑
=

=π
M

i
i

0
1 . 

 
With these probabilities, the throughput performance can be computed by 
 

                                                        ( )[ ] ( )  iPiPES
M

i
isuccsucc ∑

=
π⋅==

0
,                                                                         (5) 

where the probability of success, Psucc(i) , considering the capture effect, is given by 
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According to equations (5) and (6), we need to determine the capture probabilities Pcapt, while considering the spatial 
distribution of the MTs, and the presence of radio channel characterized by Rayleigh fading, and shadowing. 
 

1.3  Spatial Distribution of the Mobiles 

Another point to consider is to find the modeling of spatial distribution that best adjusts to the mobility of the MTs. 
According to [9], the difference between the performance of S-Aloha when considering uniform and non-uniform 
spatial distributions (particularly Bell-Shaped) are minimum (about 6%), so given the ease of mathematical treatment 
we will use in our modeling a uniform distribution. 
 

1.4 Presence of the Radio Channel 

The radio channel can be characterized statistically, not only by noise, but also by groundwave propagation fading, 
and shadowing. We use a propagation model in which the normalized received signal power varies with the distance 
between the BS and the MT with a power loss factor α [10]. For mobile radio systems, a typical value of α is 4 [11]. 
 
The radio signal that is transmitted suffers fading caused by multipath and shadowing caused by obstacles, in which 
case the power of the signal can be characterized by a log-normal probability density function [10], with a standard 
deviation, σ, of 5 dB for an outdoor cellular environment. The fading of the instantaneous envelope of the received 
signal follows a Rayleigh pdf [12]. 
 
So according to [8], the expression for the probability of capture considering the uniform spatial distribution and the 
effect of the channel (Rayleigh + Shadowing) is given by 
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where 
σπ

=
2

elogB , 
elog

WlogA
2

2
0

σ
+= , W0 is the mean value of the signal power, σ is the standard deviation, y is the 

distance between the MT and BS, log is the logarithm base 10, and R the capture ratio.  
 

2.5 Analysis of Stability of the RACH  

According to the feedback information of a slot (idle, success, and collision), we have modeled the algorithm of 
retransmission through Markov chains. Utilizing feedback information, the algorithm of retransmission has the 

capacity to execute channel load control, by performing channel load estimation, 
∧
n , at the beginning of each time-

slot [3, 13]. 
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where pe is the probability of the packet not being accepted by the receiver.  
 
With these values, it is possible to calculate in a dynamic form the estimate, Equation (8), obtaining control of the load 
of the system. Therefore, the objective is to operate with a binary exponential retransmission algorithm [14] that 
permits us to stabilize the response of S-Aloha, as it will be seen in Section 3. 

2.1. Modeling the Throughput of the RACH  

In order to evaluate the system throughput, it is assumed that the initiation of transmission is coincidental to the 
beginning of each time-slot, and that activity in any given time-slot is independent of the activity within any previous 
time-slot. Based on this premise, the fraction of time that a channel transports useful information or throughput, S, is 
equal to the average fraction of slots in any successful transmission. 
 
The throughput S, is expressed as 
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where the vector of probability of the steady state π can be calculated resolving the finite set of linear equations 
π=πP. 

2.2. Modeling the Capture Effect of the RACH  
 
Up to this point, the modeling of S-Aloha as a RACH, has been considered within a noiseless channel where all data 
packets arrive at the BS with the same power levels. Under these conditions, when two or more data packets 
simultaneously arrive at the BS, they will collide and will be destroyed. However, since data packets typically arrive at 
the BS at different power levels, capture effect occurs and reduces the probability of the destruction of the colliding 
data packets, which results in an increase of system throughput [8]. 
 
Capture probability ( )iPcapt , i>0, is defined as the probability that one of i collided data packets will be successfully 

received. In addition, the threshold between the power of the signal and the power of the possible interferers should 
be greater than a certain margin known this as capture ratio (R) [1].  
 
Considering this scheme, to deference from [4, 5], a differing version of the state transition probabilities regarding 
capture effect is determined by 
 
 

                    
( ) ( ) ( )

{ } ( ) ( ) ( ) ( )

( ) ( )[ ]⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

≥≥−+−ν−ν⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅

ϕ−ϕ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

++−+ν−ν⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ϕ−ϕ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−

−

=ν−ν⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ϕ

〈

=

∑

∑

∑

=

−

−−

=

−−−+−
〉

=

−
−

 . ij       M                                                                                 ,ijkP
k
i

         

ij
iM

 ijkP
k
i

ij
iM

 ,1-ij                                                                                                       ,cP
c
i

-1

 ,1-ij                                                                                                                                                               ,

p

i

k
capt

kik

jMiji

k
capt

kikjMij
jM

i

c

capt
cic

iM

ij

0

0

11

1

11

1111
1

1

1

0

.              (4)  
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According to equations (5) and (6), we need to determine the capture probabilities Pcapt, while considering the spatial 
distribution of the MTs, and the presence of radio channel characterized by Rayleigh fading, and shadowing. 
 

1.5  Spatial Distribution of the Móviles 

 
Another point to consider is to find the modeling of spatial distribution that best adjusts to the mobility of the MTs. 
According to [9], the difference between the performance of S-Aloha when considering uniform and non-uniform 
spatial distributions (particularly Bell-Shaped) are minimum (about 6%), so given the ease of mathematical treatment 
we will use in our modeling a uniform distribution. 
 

1.6 Presence of the Radio Channel 

 
The radio channel can be characterized statistically, not only by noise, but also by groundwave propagation fading, 
and shadowing. We use a propagation model in which the normalized received signal power varies with the distance 
between the BS and the MT with a power loss factor α [10]. For mobile radio systems, a typical value of α is 4 [11]. 
 
The radio signal that is transmitted suffers fading caused by multipath and shadowing caused by obstacles, in which 
case the power of the signal can be characterized by a log-normal probability density function [10], with a standard 
deviation, σ, of 5 dB for an outdoor cellular environment. The fading of the instantaneous envelope of the received 
signal follows a Rayleigh pdf [12]. 
So according to [8], the expression for the probability of capture considering the uniform spatial distribution and the 
effect of the channel (Rayleigh + Shadowing) is given by 
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distance between the MT and BS, log is the logarithm base 10, and R the capture ratio.  
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where pe is the probability of the packet not being accepted by the receiver.  
 
With these values, it is possible to calculate in a dynamic form the estimate, Equation (8), obtaining control of the load 
of the system. Therefore, the objective is to operate with a binary exponential retransmission algorithm [14] that 
permits us to stabilize the response of S-Aloha, as it will be seen in Section 3. 
 

4. CONCLUSIONS 
 
In this work, we have modeled and simulated a RACH with S-Aloha, considering a real environment. To increase the 
efficiency of the system, the capture effect was used with a uniform spatial distribution and the presence of the 
channel. This paper has demonstrated that spatial distribution of the MTs enables capture effect while providing S-
Aloha the capability to substantially improve system throughput. In addition, this paper has shown that the 
superimposed Rayleigh fading, shadowing, and spatial distribution of the MTs can further enhance the effect capture, 
resulting in S-Aloha with higher throughput. 
 
Simulation results have indicated that system performance is not sensitive to Rayleigh fading for a given BS receiver 
sensitivity, and that S-Aloha performance is improved by reducing capture ratio. The spatial distribution gives nearby 
MTs a further increased probability to survive a collision in contrast to a channel with Rayleigh fading, where the 
probability that an individual signal is sufficiently strong to survive a collision is very small. Simulation results have also 
indicated that when using the algorithm of dynamic retransmission with the feedback ternary information of the 
channel, the throughput system does not decrease as the channel load increases, and the system delay is reduced. 
This occurs because the retransmission algorithm optimizes channel management and enables the system to quickly 
resolve data packet collisions. 
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