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ABSTRACT 
In this work, we summarize a direct method to transform the low-pass continuous-time transfer function ( ) to 
several discrete-time ( ) transfer functions. Our algorithm uses the Pascal matrix that is built from the rows of a 
Pascal Triangle. The inverse transformation is obtained with the Pascal matrix without computing the determinant of 
the system, which simplifies the process to obtain the associated analog transfer function ( ) if the discrete transfer 
function ( ) is known. In addition, the algorithm is easy to program on a personal computer or scientific calculator 
because all the computations are made using matrices. The algorithm presented is illustrated with numerical 
examples. 
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RESUMEN 
En el presente trabajo, resumimos un método directo para transformar la función de transferencia paso bajas del 
tiempo continuo ( ) a diferentes funciones de transferencia del tiempo discreto ( ). Nuestro algoritmo utiliza la 
matriz de Pascal que se construye con los renglones del triángulo de Pascal. La transformación inversa se obtiene 
con la matriz de Pascal sin calcular el determinante del sistema, lo que simplifica el proceso para obtener la 
correspondiente función de transferencia analógica ( ) si la función de transferencia discreta ( ) es conocida. 
Además, el algoritmo es fácil de programar en una computadora personal o una calculadora científica, debido a que 
todos los cálculos se realizan con matrices. El algoritmo presentado es ilustrado con ejemplos numéricos. 

 

1. Introduction 
 
In the context of the digital filter design, a great deal 
of research has been done to facilitate their 
computation. As a matter of fact, the Pascal matrix 
defined in [1] has proved its utility in this field. In the 
literature [2], the s-z transformation is done in two 
steps. First, the frequency transformation in the  
domain is done, then the Pascal matrix for the 

 
 
bilinear z transformation is used to obtain the 
associated digital filter. We shall give in this work a 
direct method to transform a filter from the 
continuous time to the discrete time.  
 
The continuous-time circuit of a filter is completely 
described by the transfer function given in (1): 
 
 
 
 
 
 
 
 
 

( ) = + + +··· ++ + +··· + = ∑∑  (1) 
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We will now give a brief explanation of the Pascal 
matrix, if in Equation (1) we substitute the 
relationship between −  of bilinear transform  =  , then we obtained (5) 

( ) =   ∑ 1 −1 +∑ 1 −1 +  

 ( ) =   ∑ (1 − ) (1 + )∑ (1 − ) (1 + )  

 
(5) 

 
Using the binomial theorem 
 ( + ) =  ∑  

where = !!( )!, we can distribute the 

numerator of (5) as follows: 

(1 − ) (1 + )
=  (−1) −

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
The terms in brackets can be expressed as a 
matrix of size (  + 1)x(  + 1), as shown in [3]. 
This matrix is called the Pascal matrix   and, it is 
very useful in the −  transformation. A 
relationship between (7) and (3) can be found 
rearranging and changing some indices, as in [3]. 

= ,  

 

then the Pascal matrix ,  is defined as [3, 4]. 

, = − − (−1)         , = 0,1, … ,  
 
 

where  and  are the indices of the row and 
column of the Pascal matrix, respectively. 

The coefficients of the numerator of the digital filter 
 can be computed using (10). The coefficients  

of the denominator can be obtained in a similar 
way as the coefficientes of the numerator  as 
shown in (11) =  ,  
 
 =  ,  

= ( + + +··· + ) = ( + + +··· + ) 

( ) = + + +··· ++ + +··· + =  ∑∑  

=  ( + + +··· + ) = ( + + +··· + ) 

where the coefficients  and   are real. Those coefficients can be represented in vector form, as 
follows: 

 
In a similar way, the discrete filter can be characterized with the transfer function ( ) given in (3), 
which also has real coefficients  and  that are obtained using the bilinear -transformation. 

 
 

(2) 

(3) 

(8) 

(9) (6) 

(4) 

(7) 

(10) 

(11) 
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2. Lowpass to Low-pass Transformation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=  · ( ) =  · ( ) 
( ) = ( , , , … , ) 

( ) =  ( , , , … , ) 

The discrete low-pass filter is obtained using the bilinear -transformation from (12), 

 =  ,     =  cot        (12) 

 
 
where  is the cut-off frequency of the low-pass filter and  is the sampling frequency. In order to 
obtain the coefficients  and  from the vectors  and , we compare the numerators and 
denominators of the transfer functions (1) and (3). For example, if we substitute (12) in (1) for  =  2, 
we obtain the following expression: 

( )  =  ( ) ( )     (13) 

 
Comparing the coefficients in (13) with the same exponents of the variable , we get the matrix 
equation: 

=  1 1 12 0 −21 −1 1 · = · ( )   (14) 

 
A similar equation can be obtained for vector . These equations can be represented in the following 
compact form: 

Where  is the low-pass Pascal matrix, and ( ) and ( ) are the vectors represented by 

 

 
      1        
     1  1       
    1  2  1      
   1  3  3  1     
  1  4  6  4  1    
 1  5  10  10  5  1   
1  6  15  20  15  6  1  

 

(15) 

(16) 

(17)
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= 1 1 1 13 1 −1 −33 −1 −1 31 −1 1 −1 · 5.15300.8540 = 5.882314.729714.72975.8823  

= 1 1 1 13 1 −1 −33 −1 −1 31 −1 1 −1 · 5.1534.344 · 0.8542.781 · 0.8540.929 ·· 0.854 = 11.469615.404711.45682.8928  

( ) = 5.8823 + 14.7297 + 14.7297 + 5.882311.4696 + 15.4047 + 11.4568 + 2.8928  

From the classical Pascal triangle in (17), we can observe that the elements of the base  form the 
last column of the Pascal matrix in (14) with the exception that the even rows are negative and the first 
column of the same equation corresponds to the third row of the Pascal triangle. We conclude that the 
Pascal matrix can be formed taking into account the following considerations: 

1. All the elements in the first row of the Pascal Matrix must be ones. 

2. The elements in the last column can be computed by the following expression: 

, = (−1) !( )!( )!       = 1, … , + 1          (18) 

 
and the remaining elements in the Pascal matrix can be computed with the following expression: 

, = , + , + ,  with , = 2,3, … , , + 1                   (19) 

  
2.1 Example 
 
In this example, we wish to transform the low-pass transfer function ( ) to its discrete low-pass 
version ( ) using the following parameters: 

 = 8000 [Hz], = 2200 [Hz], ( ) = .. . . .         (20) 
  
First, we calculate the constant  of the bilinear  transformation using (12): 

= cot · = 0.8540806              (21) 

Using the Pascal matrix ( ) for order  =  3, the numerator and denominator of the transfer function ( ) are computed as follows: 

 

 
 

(22) 

(23) 
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3. Low-pass to High-pass Transformation 
 
The low-pass to high-pass transformation is similar 
to the lowpass to low-pass case; first we substitute 
the variable 1⁄  instead of  in (18), then 

 =  ,     =  tan  

in the relation (24),  represents the cut-off 
frequency of the high-pass filter and  , the 
sampling frequency. If we substitute (24) in (1) and 
compare the numerator, for  =  3, we get the 
following expressions in the matrix form: =  · ( )       =  · ( )            (25)

= 1 1 1 1−3 −1 1 33 −1 −1 3−1 1 −1 1 ·         (26) 

 

= 1 1 1 1−3 −1 1 33 −1 −1 3−1 1 −1 1 ·         (27) 

 
where , is the Pascal matrix for the high-pass 
case in which the first row elements are ones and 
the first column is obtained with (18). The 
remaining elements ,  can be obtained 
using (28): 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(24) 

( ) = ( , , , … , ) 

( ) =  ( , , , … , ) 

= tan · 22008000 = 1.1708 

( ) = 6.5238 − 14.0882 + 14.0882 − 6.523815.5420 − 12.2600 + 11.0338 − 2.3882  

, = , + , + , with , = 2,3, … , + 1           (28) 
 
The matrix  can also be obtained by flipping the columns of the Pascal matrix  in the left-to-right 
direction [5]. The vectors ( ) and ( ) are represented in a similar way than  ( )  and ( ), 

3.1 Example 
 
In this example, we shall transform the low-pass transfer function ( ) to the high-pass transfer 
function ( ) using the following parameters: 

= 8000 [Hz], = 2200 [Hz], ( ) = .. . . .  

First, we compute the constant  of the bilinear  transform: 

then, we use the expressions =  · ( ) and =  · ( ) for order  =  3 to finally get the 
discrete transfer function ( ): 

(29) 

(30) 

(31) 

(32) 
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4. Low-pass to Band-pass Transformation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

=
1 1 1 1 1 1 1−6 −4 −2 0 2 4 615 5 −1 −3 −1 5 15−20 0 4 0 −4 0 2015 −5 −1 3 −1 −5 −15−6 4 −2 0 2 −4 61 −1 1 −1 1 −1 1

· + 3+ 2+ 3 = · ( ) 

( )( ) = 0( )0 +
+ 10 0+ 11 0⋮0+ 1+ 1

 

The procedure considered in this section shows how to obtain a discrete band-pass filter characterized 
by the continuous-time transfer function ( ) from (1), using the −  transformation. The bandpass 
can be seen as a superposition of a low-pass filter and high-pass filter [6], [7]. Then the −  transform 
has the form: 

 

 
In the last equation,  represents the sampling frequency,  is the lower cut-off frequency and  is 
the upper cut-off frequency of the band-pass filter. In order to obtain the coefficients  and  with (  =  0,1, … ,2 ), we need to know the coefficients of the continuous vector  and , respectively. Then, 
we substitute (33) in (1), after that, we compare the numerator and the denominator of the resulting 
function with the transfer function in (3). For simplicity, and without loss of generalization, we choose as 
an example the order of the filter for  =  3. Due to the low-pass to band-pass transformation, the 
transfer function  ( ), becomes of order  =  6. After comparing the numerators and denominators 
of the discrete and continuous transfer functions, we get the expression in matrix form: 

 

In (34), the matrix  is the Pascal matrix for the band-pass case, which is the same as . The 
vector ( ) is obtained as a recurrence. Unlike [8], we added the term  in the recurrence to adjust the 
band of the filter; then ( ) is obtained according to (35), see [8] pp. 878. 

where ( ) = . The vector ( ) is obtained in a similar way. 

(33) =  +  =  cot  = tan   = ( )
 

(34) 

(35) 
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( ) = 0.1253+ 0.5851 + 1.1692 + 0.4048 + 0.1770 

=  tan 10008000 = 0.4142   =  cot 30008000 = 0.4142 

=  cot + 1000)80000.4142 + 0.4142 = 1.2071 

=  · ( )            =  · ( ) 

( ) = 0.1253 − 0.5012 + 0.7518 − 0.5012 + 0.12533.3325 + 3.6528 + 4.7236 + 2.9384 + 1.3563  

= 1− 1+ 1 + + 1− 1  

4.1 Example 
 
In this example, we shall transform a Chebychev low-pass filter to a band-pass filter with the following 
specifications, =  3[dB], order   =  4, =  3000[Hz], =  1000[Hz], =  8000[Hz]; using these 
parameters, we get the transfer function: 

First, we compute the constants , , : 

After that, we calculate the band-pass Pascal matrix and substitute , , and  in vectors ( ) and ( ) 
for  =  8 performing the following multiplications: 

we get the coefficients of the numerator and denominator of the transfer function ( ), which is given 
in (40): 

The coefficients multiplied by ( ) are missing in the transfer function ( ) because the constants 
 and  are equal. The magnitude of the band-pass filter in (40) is shown in Figure 1. 

5. Low-pass to Band-stop Transformation 
 
To transform the continuous low-pass transfer function to the digital band-stop transfer function, we 
must use the −  transformation in the form: 

 
 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 
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=  · ( )      =  · ( ) 

( ) = 0.1253+ 0.5851 + 1.1692 + 0.4048 + 9.1770 

( ) = 0.1253 + 0.5012 + 0.7518 + 0.5012 + 0.12533.3359 − 3.6528 + 4.7236 − 2.9315 + 1.3563  

 

 

 

 

 

 

 

 

 

 

It is easy to prove that the vector ( ) in (42) can be obtained reversing the coefficients ( =  ) of 
the vector ( ) and the same for vector ( ). We do not need to do any change in the Pascal matrix, 
that is, the Pascal matrix for the band-pass case is exactly the same for the band-stop case ( =

). Then the transformation is given by the following relations: 

5.1 Example 
 
In this example, we wish to transform the Chebychev low-pass transfer function ( )  to the band-stop 
transfer function ( )  using the following parameters =  3[dB], order  =  4, =  3000[Hz], =  1000[Hz], =  8000[Hz]. 

First, we compute the parameters , , and  and then we substitute them along with the coefficients  
and  of the transfer function (43) in (42). After performing these matrix operations, we get the transfer 
function of the band-stop filter (44): 

 

(42) 

(43) 

(44) 

 
 

Figure 1. Magnitude of the band-pass filter. 
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= 12  

The digital transfer functions of the band-pass and band-stop filters are similar and they only differ in 
signs. The magnitude of the band-stop filter is shown in Figure 2.  

 

Figure 2. Magnitude of the band-stop filter. 

6. Inverse Transformation from z Domain to s Domain 
 
One of the properties of the Pascal matrix is that if we multiply a matrix by itself, we almost reach the 
identity matrix up to a scaling factor [5]. That means that if we wish to calculate the inverse of a Pascal 
matrix, we only need to normalize the matrix up to a scaling factor depending on its order to get its 
inverse. For instance, if we multiply the low-pass Pascal matrices ⋅ , we obtain 

 

 

 

 

That means that  

⋅ = 1 1 1 1 14 2 0 −2 −46 0 −2 0 64 −2 0 2 −41 −1 1 −1 1 · 1 1 1 1 14 2 0 −2 −46 0 −2 0 64 −2 0 2 −41 −1 1 −1 1
= 16 0 0 0 00 16 0 0 00 0 16 0 00 0 0 16 00 0 0 0 16  

(45) 

(46) 
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= 12  

( ) = 1 + 4 + 6 + 4 +10.6464 + 5.1716 + 0.1880  

= cot · 20008000 = 1.0 

= 12
1 1 1 1 14 2 0 −2 −46 0 −2 0 64 −2 0 2 −41 −1 1 −1 1 · 14641 = 10000  

= 12
1 1 1 1 14 2 0 −2 −46 0 −2 0 64 −2 0 2 −41 −1 1 −1 1 · 10.646405.171600.1880 = 12.61313.41422.61311  

( ) = 1+ 2.6131 + 3.4142 + 2.6131 + 1 

and in the general case 

 
where  represents the order of the matrix. Then, the inverse of a Pascal matrix is very easy to 
calculate and, therefore, it is not necessary to calculate the determinant of the system; this simplifies 
the calculation of the transfer function in the  domain if the transfer function in the  domain is known. 
As an example, we shall transform the low-pass transfer function ( ) to the transfer function ( ). 
Let ( ) be the transfer function of the discrete system that works at a cut-off frequency = 2000 
[Hz] and sampling frequency = 8000 [Hz]. 

The parameter  of the bilinear transformation according to (12) has the value 

using the Pascal matrix for  =  4, we get 

then the transfer function of the analog low-pass filter is a Butterworth low-pass filter of order  =  4. 
Constants ,  and  are used to avoid the distortions that are introduced by bilinear transformation. 

 

 

(47) 

(48) 

(49) 

(50) 

(51) 
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7. Conclusions 
 
In this work we have used the Pascal matrix to 
transform the analog low-pass transfer function to 
the discrete transfer functions of the low-pass, 
high-pass, band-pass and band-stop filters. This 
algorithm is very simple for both the direct and 
inverse transformation. In addition, this method is 
easy to program due to the fact that all the 
operations imply the multiplication of matrices, 
even the inverse transformation does not need the 
calculation of the determinant of the matrix system. 
Based on the examples, the procedure has 
demonstrated its utility to transform a continuous 
transfer function to a discrete transfer function and 
vice versa. 
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