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Abstract: Inverted pendulum systems are widely used in both education and research within
control theory. There are different types of inverted pendulums, such as the Furuta pendulum,
cart-pole system, reaction wheel pendulum, etc. This study investigates the dynamics of a Two-
Wheeled Self-Balancing Robot, a complex electromechanical system characterized by inherently
nonlinear dynamics, unstable equilibrium points, and underactuation (i.e., more degrees of free-
dom than controlinputs), inspired by inverted pendulum systems. The primary objective pursued
in this investigation is to guide the robot along a predefined trajectory while maintaining its
vertical orientation. To achieve this, we designed and implemented two controllers with an in-
tegrator in the feedback loop for a Two-Wheeled Self-Balancing Robot prototype. One controller
considers the Linear Quadratic Regulator (LQR) technique, and the second is based on the %%
approach. Due to the use of a microcontroller platform, we designed the controller in discrete
time to implement it. Ramp-like and sinusoidal references were used to set the robot’s displace-
ment targets, aiming to track these references while maintaining its vertical upright position.
Simulations and practical tests were conducted using the Simulink® software within the Matlab®
environment to evaluate the effectiveness of the proposed control strategies. The performanc-
es of the closed-loop system using each controller are compared. The results demonstrate the
capability of the designed controllers to achieve the predefined objective, even in the presence
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of noise and inherent imperfections within the prototype. The J# controller showed equal or
better performance than the LQR controller for different indices in the experimental tests.

Keywords: LQR Control. 7, Control. Discrete Control. Integral
Control. Inverted Pendulum. Two-Wheeled Self-Balancing Robot.

1. Introduction

Inverted pendulum systems are widely used in both ed-
ucation and research within control theory, serving as
examples of nonlinear and underactuated electrome-
chanical systems with an unstable equilibrium point
(Graichen et al., 2007). Moreover, inverted pendulums
have numerous applications across industries, including
military, aeronautics, and aerospace, serving as missile
and rocket launchers, robots, etc. (Hazem et al., 2020;
Pedroso & Modesto, 2017).

The inverted mobile pendulum has been utilized, for
instance, as a mode of human transportation, which
could present itself as an alternative for automatic trans-
portation in urban areas, including its utilization by
individuals with physical disabilities (Tirmant et al., 2002).
Other examples of works employing this type of system
include Sun & Gan (2010), who utilize LQR combined with
PID for balancing an inverted pendulum robot; Hehn &
Andrea (2011), who use a drone for controlling an inverted
pendulum; Cho (2021), who employs inverted pendulum
concepts in missile orientation for stationary target inter-
ception, and Kim et al. (2005), who work on the modeling
and LQR control of an inverted pendulum robot.

Optimal control, a modern control theory, is widely
utilized across various engineering domains, including
aerospace, automotive, robotics, and other applications
(Park et al., 2019). The Linear Quadratic Regulator (LQR)
is an optimal control method known for its robust na-
ture. However, LQR may exhibit steady-state error (Dhewa
et al., 2022). To address this issue, an integrator can be
incorporated to reduce the steady-state error by adding
a term based on the integration of the error (Jeong et al.,
2013). This form of control, known as servo system, finds
extensive use in the literature and diverse applications, as
evidenced by studies such as Yamanaka et al. (2022), who
worked with the control of an aeropendulum prototype,
and Niro et al. (2017), who dealt with a ball-beam system.

The £, control allows for mitigating the effect of ex-
isting disturbances in the system dynamics (Boyd et al.,
1994) and has been used in different systems such as

active suspension system (de Oliveira et al., 2018), Furuta
pendulum (Alves et al., 2022b), Aeropendulum (Breganon
et al., 2023), etc.

Discrete-time systems are widely used in engineering
and other fields for modeling, analyzing, and imple-
menting control strategies. They provide a practical and
effective approach to dealing with real systems and their
sampling and processing limitations. The discrete-time
domain enables the analysis of signals over short sam-
pling intervals (Moon et al., 2003).

This study focuses on controlling a Two-Wheeled
Self-Balancing Robot, a system inspired by invert-
ed pendulum systems. The objective is to make the
robot maintain vertical balance using gyroscopes, ac-
celerometers (MPU 6050), and encoders, while tracking
displacement trajectories. The prototype employs an
Arduino Mega and a Minseg Shield for data acquisition.
Sensor calibration, motor synchronization, and the devel-
opment of discrete-time controllers with an integrator in
the feedback loop are addressed in this paper. The first
designed controller considers the LQR technique, and
the second one is based on the & theory. In contrast
to previously published works such as Varaschim et al.
(2023) and Valadao (2022), where the primary objective
is to maintain the robot’s balance only, this study aims to
enable the robot to follow a desired displacement trajec-
tory while maintaining balance. The designed controllers
are tested in simulations and real experiments in a proto-
type, where the performance of the closed-loop system is
measured by different indices and compared.

The paper follows presenting the Two-Wheeled
Self-Balancing Robot prototype, its operating principle,
main parameters, component description, and modeling
in Section 2. Section 3 designs discrete-time LQR and
H controllers with an integrator in the feedback control
loop aiming to maintain the robot’s balance while it fol-
lows a specific displacement trajectory. This section also
demonstrates how experiments with the prototype were
conducted. Section 4 presents and analyzes the results
obtained from simulations and experiments. Section 5
concludes the paper.
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2. Two-Wheeled Self-Balancing Robot

2.1 Prototype

This paper uses the Two-Wheeled Self-Balancing Robot
from Minseg, as shown in Figure 1 (Minseg, 2021). The
prototype is based on the Arduino platform and features
sensors and actuators such as the MPU 6050 and two N20
motors with encoders. The robot is equipped with the
Minseg Shield, which facilitates the connection and data
acquisition of the sensors and motor drives.

Figure 1. Minseg Two-Wheeled Self-Balancing Robot
M2V5 available at the Industrial Automation and Control
Laboratory of the Federal Institute of Parana, Jacarezinho.

2.2 Prototype Parameters’ Nomenclature
g - Gravity acceleration
P - Center of mass of the robot
a - Robot tilt angle
h - Total height of the robot
L - Distance from the wheel axis to the point P
m, - Mass of the robot
m - Wheel’s mass
I, - Moment of inertia of the robot at point P
I,,—Moment of inertia at the center of mass of the wheel
r,, - Wheel’s radius
x - Linear displacement of the robot
E_ - Encoder conversion gain
pm - Pulses per revolution of the encoder
R - Electrical resistance of the motor’s armature
V - Motor voltage
K, - Motor’s torque constant
K, - Electromotive force constant
i - Current in the motor’s armature
6 - Angle of the robot wheel with respect to its center
w - Angular velocity of the motor’s shaft

2.3 Modeling

We utilized the model published by Howard & Bushnell
(2015). The modeling approach starts with the electri-
cal subsystem and then connects it with the mechanical
dynamics. The resulting equations from the Howard &
Bushnell (2015) model are:

(Ip + L2mp)('i + Lmyx =

. : 1
— RV 4 gLmya + Sk — Koy @

me& + (iv—wz +mp, + mw))'i =
, @

RK_rtWV - —Ili};i{zf X+ —Ii{‘fvt a,
where the parameters are described in Subsection 2.2.
Finally, the resulting state-space representation of (1) and

(2) is given by

é = A+ Bu
y = C¢ + Du
0 1 0 0 3)
24194 q3(q1—qarw) 0 q3(—q1+94rw)
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g4} _ @(etar) o 9(Gtary)
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0
ki(q1—qary)
2
B— R(q1+qzq4)rw ’ (4)
0
_ _ki(gatairy)
R(Qf‘*‘%%)rw
c=[0 0 1 0,D=[], 5)
where
q1 = Lm,, Q2 = I, + L’my,
q3:%7 q4:_mp_mw_i_g-

The model (3), (4) and (5) considers that the input
(manipulated variable) is the motor volltage (u =voltage).
The state vector is §=la a x x| , where « is the
robot’s tilt angle and o is its angular velocity around the
center of mass; x is the linear displacement of the robot
and xis its linear velocity. The output (variable of interest)
isthe robot’s linear displacement (y = x), while the robot’s
tilt angle «a is required to remain zero (robot in balance
around its vertical position).

Further details on the system modeling can be found
in Howard & Bushnell (2015).
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2.4 Prototype Instrumentation

To control the Two-Wheeled Self-Balancing Robot, all
sensors and actuators must function correctly. The sen-
sors in the prototype are an encoder, a gyroscope, and
an accelerometer. The software Simulink® within the Mat-
lab® environment and an Arduino Mega board are used
for data acquisition (Minseg, 2021; Hurst, 2021).

The encoder data acquisition diagram is shown in Fig-
ure 2. The blocks responsible for acquiring the signal from
both left and right motors, averaging the values, and then
converting the measured values to meters are highlighted
in blue. For this conversion, pm represents the number of
pulses the encoder measures when the motor shaft rotates
360°, and this value is pm = 1320. The gain that converts
the encoder pulses to an angle in radians is given by
360n

180pm

360n
180x1320

E, = = 0.0047. (6)

The MPU-6050 sensor is used to calculate the robot’s
angularpositionrelativetoitsvertical position. Thissensor
contains both a gyroscope and an accelerometer. The
signals from these sensors are processed independently,
asshown in the “Gyroscope” and “Accelerometer” groups,
highlighted in grey and red, respectively, in Figure 2.

Encoder

Left Encoder

Right Encoder Encoder Convertion

Accelerometer

Y axis

Accelerometer atan2

Z axis

Linear &% ,_9{; ~ o x

Displacement and ) e

Velocity ’_ﬁ>J Linear
Displacement

Only the variable on the X-axis is used to process the
gyroscope signal, representing the robot’s angular veloc-
ity about its center of mass. However, a “bias” error can
occur in this measure, which causes the hardware to read
a value other than exactly zero when the prototype is at
rest. To correct this error, a constant value can be added
or subtracted from the sensor reading before integration.

The data from the axes Y and Z are obtained through
the accelerometer to calculate the angular tilt of the ro-
bot. Similarly to the gyroscope, if the hardware does not
read exactly zero in the vertical position, constant values
can be added or subtracted in the reading to remove this
error. After this correction, the signals related to these two
axes pass through an arctangent block. Further details of
this process can be found in Varaschim et al. (2022).

The gyroscope can measure rapid changes in rotation,
but its signal, the angular velocity, can present steady-
state errorwhenintegrated to obtain the angular position.
The accelerometer allows us to obtain the steady-state
angle accurately through the arctangent function, but it
has slow dynamics in tracking motion and is susceptible
to noise in measurements. One method to combine these
two measurements and mitigate errors is using a comple-
mentary filter (Varaschim et al., 2022).

Gyroscope

Gyroscope X axis

Angular
Velocity

Complementary Filter
10%

Linear
Velocity

Figure 2. Signal processing for sensors in the Two-Wheeled Self-Balancing Robot prototype.
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The complementary filter combines a low-pass filter
for the accelerometer signal to mitigate measurement
noise and a high-pass filter for the gyroscope signal to
mitigate drift error. A schematic for the complementary
filter applied to the MPU 6050 sensor signals is presented
in Figure 3 (Mummadi et al., 2018; Varaschim et al., 2022).

Noise Low Pass Filter

AcceleromelerHtg"‘t)'JMmM—I LPF
Gyroscope T H HPF

Deviation High Pass Filter

Filtered Signal

Figure 3. Complementary filter usage
diagram (Mummadi et al., 2018).

The gyroscoperequires only a small correction to compen-
sate for drift accumulation, so most of the filtered angle
signal comes from the gyroscope when calculating the tilt
angle of the robot. In the experiments, we weighed it as
90%. However, 10% of the computed angle comes from
the accelerometer to account for any accumulated drift.

This weighting between the signals of the two sensors
is accomplished by a complementary filter, as shown in
Figure 2 in purple (group “Complementary Filter”). The
weights (10% and 90%) can be adjusted to balance re-
sponse speed and steady-state error, but their sum must
be 100%. The low and high pass filters, L, and Hp re-
spectively, that we used in the processing of the tilt angle
of the robot are shown in (7) (Varaschim et al., 2022). Note
that these filters are in discrete time. The sampling period
usedis T, = 0.02 s.

Lpp =

Hpr = 0.Z9£z(;91) . (M)

0.1z
z—0.9?
In view of this, the state variables in (3) are measured as
follows. The robot’s tilt angle «a is obtained through the
complementary filter. The angular velocity of the robot M
is acquired through the gyroscope.

Linear displacement and velocity of the robot, rep-
resented by x and %, are determined by multiplying the
wheel’s angle 6 and angularvelocityé by the wheel’s radi-
us, respectively. Since the motors driving the wheels are
located within the robot body, the angular displacement
of the wheels is the sum of the angle measured by the
wheel encoders, 5, and the robot tilt angle, a. This sum
is due to how these angles are measured. The same logic
applies to angular velocity. As illustrated in Figure 2 (in
the “Linear Displacement and Velocity” group highlighted
in green), x and x are calculated using «, S, a, and [3

During testing, a synchronization discrepancy be-
tween the two motors that drive the robot was observed,
causing the robot to deviate from a straight path. To ad-
dress this issue, we developed a Proportional Integral (PI)
controller to ensure one motor follows the other, thus
enabling the robot to move in a straight line. Figure 4
shows a diagram of the implementation of this PI con-
troller. In the implementation, the rotation angle of both
motors is read through the encoders, which we use to
calculate the rotation error between them. This error is
then converted to meters (linear displacement) and used
as input for the PI controller. The controller output cor-
rects the error between the motors. Before the control
signal is sent to the motors, it is converted using a poly-
nomial. This polynomial compensates for the voltage loss
between the desired voltage (sent to the motors) and the
actual voltage that comes to the motor’s terminal. The PI
controller parameters are Kp =3 and K, = 2, determined
through experimental tests with the prototype.

IConuol Signal

1 ial i Left Motor
o Pl H Polynomial ’—(g—‘ Right Motor
Right Encoder

Figure 4. Drive and synchronization of robot motors.

2.5 Prototype Parameters’ Values

We approximate the robot’s body by a rigid rectangular
shape of uniform mass to find its moment of inertia. This
moment of inertia is calculated with respect to the motor
axis (base of the robot) along the vertical length of the
robot and, thus, is given by (Hibbeler, 2013)

I, = %mth + mpLQ, (8)

where the parameters are described in Subsection 2.2.

The armature resistance of the motor was measured
using a multimeter. Utilizing the encoders on the motors,
the angular velocity w of the wheels was measured for
a given voltage V and current i. With the known resis-
tance, voltage, current, and velocity, the electromotive
force constant K, was calculated using (9). Since there are
significant losses in the motor gears, it is possible to say
that K, is equivalent to 65% of K, (Hurst, 2021).

V = Ri + Kpo. 9)
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For the controller design, we considered the param-
eter values in Table 1, corresponding to the prototype
shown in Figure 1. The parameter descriptions are given
in Subsection 2.2.

Applying the values from Table 1 to (4), we find:

0 1 0 0
A |105.0769 —11.4320 0 519.6779
0 o o 1 |
~4.2878 116 0 —52.7287
(10)
0
| -57.1360
=7
5.7973

Table 1. Two-Wheeled Self-Balancing Robot Parameters.

Parameter g h K,
Value 9.81 0.115 0.2
[unit] [m/s?] [m] [V.s/rad]
Parameter L m, Ip
Value 0.0575 0.121 5.36172 x 10
[unit] [m] [kgl [kg.m?]
Parameter m, r., I,
Value 0.033 0.022 7.9860 x 10°°
[unit] [kel [m] [kg.m?]
Parameter R K,

Value 10 0.13

[unit] [Q] [N.m/A]

3. Controller Design

Due to hardware processing limitations, using a contin-
uous-time control became unfeasible. Thus, we adopted
the discrete-time approach.

It is possible to include an integrator with gain K, in
addition to state feedback in the plant control to elim-
inate steady-state error. The integrator increases the
system type and reduces finite error (Nise, 2010). A dia-
gram of this control strategy, also known in the literature
as integral control, tracking control, or servo system, is
presented in Figure 5.

Based on the diagram in Figure 5, one finds the follow-
ing dynamic equations

¢ = A¢ + Bu

. 11
&N:_C&_‘_ra ( )

and control law

u=-K&+ Ky = _[K _Ke]|:i:|

&N (12)

= —Kn [ : ] = —Kxé.
EN

Reference

Figure 5. Servo system using state feedback
(Ogata, 2009).

To design the gain matrix K in (12), it is possible to repre-
sent the dynamics (11) using augmented matrices. Thus,
the dynamics become g(t) = AN% (6)+Byu(t), where % =8
&x]7, and the matrices are

A 0 B
AN: [C O],and BN: |:0:| (13)

We can utilize the established design methodology for
the augmented dynamics to design the gain in (12). Since
we adopted the controller design in discrete time, it is
necessary to discretize the dynamics. Thus, considering
(13) and (10), the sampling period of T, = 0.02 s and that
the control signal is applied with a Zero Order Holder
(ZOH) (Franklin et al.,1998; Alves et al., 2022a), with
the assistance of the Matlab® software, we obtain the
discrete-time dynamics

E(k + 1) = ®E(k) + Tu(k),

1.0177 0.0186 0 0.0710 0
1.6459 0.8878 0 5.9019 0
® = [—0.0005 0.0002 1 0.0128 0f,
—0.0387 0.0126 0 0.4045 0
0 0 —0.0200 —0.0001 1 (14)
—0.0078
—0.6489
I' =] 0.0008
0.0655
0
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3.1 LQR control

The classical approach of LQR deals with optimizing a
cost function or performance index. Thus, one can weigh
which state variables and inputs as more or less import-
ant in the performance index and seek an appropriate
control action to minimize it (Levine, 1996; Ogata, 2009).
The discretized performance function is given by (Frank-
lin et al., 1998; Alves et al., 2014)

J =3 x(k)"Qx(k) + u(k) "Ru (k) (15)

Considering the system described by &(k + 1) = d&(k) +
T'u(k) and a control law u(k) = —Kx(k), one can find the
gain K that minimizes the performance index presented
in (15) by solving the discrete-time reduced Riccati matrix
equation given by (Franklin et al., 1998)

§ =[S~ ST(R+T7ST) 'I"s|® + Q. (16)

Then, the gain K is calculated as (Franklin et al., 1998):
K = (R+I7ST) 'TTS®. (17)

The design of the gain in the LQR depends on the matrices

Q and R in the performance index (15). We chose these

matrices based on experimental tests as follows:
10000

00

0 0[,R=1[0.2]. (18)

1

0

= o

0
2

o O © ©
oS O O =
o O

Thus, considering (14) and (18), and using the “dlqr(¢,
I,Q,R)” function of the Matlab® software, we found the
feedback gain K, in (12), where
K=K, K, K3 K4
=[~15.5371 —2.0042 —4.6868 —15.5037], (19)
K, = [1.6125].

3.2 s, control

We design the S, controller based on the work of Alves
et al. (2022b). To do so, it is necessary to consider the
model

E(k + 1) = ®E(k) + Lu(k) + Tw(k), (20)

where é(k) € R™ is the state vector, u(k) € R™ is the
control vector, z(k) € R™ is the system output, and

w(k) € ™~ is the disturbance. The matrices ¢, I, ¥ and E
are known constant matrices with appropriate dimensions.

The design procedure consists of computationally
solving the Linear Matrix Inequalities (LMIs) described in
Theorem 1 and Lemma 1, simultaneously. In these LMls,
0 . consists of the null matrix with n lines and m rolls,

nxm
and I denotes the identity matrix of order n.

Theorem 1 (adapted from Alves et al. (2020b)) Consider
the system (20). For a given 1 = p > 0, if there exist a
symmetric positive definite matrix X € \™*™ and a
matrix M € R™*™= such that

p2X X —TM On.n ¥

XeT - MTrT X XET 0, vn, .
OHZan EX Iny Onz><nW ( )
\I’T Onwxnx Ondxnz P-Inw

holds, then the control law (12), where K, = MX1, assures
that the closed-loop system has an 4%, norm <u and, for
w(k) = 0, the system (12) and (20) is asymptotically stable
with a decay rate greater than or equal to p.

Proof: see Alves et al. (2022b).
Lemma 1 (adapted from Buzachero et al. (2012)) If there

exist a symmetric positive definite matrix X € R™*™ a
matrix M € SR™>*"x, positive constants  and u such that

[x MT] -
M BL,, ’ (22)
X > poly, (23)

hold along with (21), then KT Ky < %Inx, where K, = MX.
0

Proof: see Buzachero et al. (2012).

One can observe that model (20) includes two addi-
tional matrices (¥ and E) compared to model (14), which
was used for designing the LQR controller. The matrix
Y represents how disturbances influence the system
dynamics, while the matrix E defines the output these
disturbances affect. In this study, the disturbance is as-
sumed to be an undesired torque associated with the
robot’s angular acceleration, and the objective is to min-
imize its impact on the robot’s tilt angle. In continuous
time, the ¥ matrixwouldbe [0 1 0 0 0]7, as derived
from the dynamicsin (3). Using the ZOH (Zero-Order Hold)
method, this matrix is discretized to obtain

¥T = [0.0002 0.0186 0 0.0002 0]. (24)
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The output is the robot’s tilt angle, leading to the matrix
E=[1 0 0 0 0] (25)

LMIs (21), (22), and (23) were solved using the Matlab®
software,themodelinglanguage YALMIP (Efberg&Lofberg,
2004), and solver Sedumi (Sturm, 1999), considering the
matrices in (14), (24), and (25). The parameters were set
asp=0.99,u,=0.0002, =130, u=15.2949. As a result,
it was obtained
K=K, K, K3 K4
= [-14.8791 — 1.7860 — 5.6068 — 14.5231], (26)
K. = [1.9577].

3.3 Experiments

In both experiments, we used discrete-time controllers
with an integrator in the feedback loop to control the
Two-Wheeled Self-Balancing Robot, enabling it to track
a specified displacement reference. The control signal is
calculated asin (12). Figure 6 shows how we implemented
the control signal, where gains are given in (19) for the
LQR controller and in (26) for the 5%, controller. The state
variables are a, the tilt angle of the robot with respect
to the vertical, &, the angular velocity of the robot with
respect to its center of mass, x, the linear displacement
of the robot, and x, the linear velocity of the robot. These
variables are calculated as shown in Figure 2. The control
signal in Figure 6 is used to actuate the robot’s motor
voltage, as illustrated in Figure 4.

o

> {=>

[ b/
@/ |H>

Reference

Figure 6. Control signal calculation.

4, Results

The discrete-time feedback gains from (19) for the LQR
controller and from (26) for the % controller were used
in simulations based on the diagram shown in Figure 5.

In the experiment, we used the same gains and the dia-
grams shown in Figures 2, 6, and 4.

In the first set of experiments, we used a ramp-like
reference for the robot’s displacement. The reference is
described by

0,0s <t < 10s
0.01t — 0.1,10s < t < 40s
0.3,40s <t < 70s (27)
—0.01t +1,70s < t < 100s
0,100s < t < 120s.

r(t) =

The simulation and experimental results with reference
(27) are shown in Figure 7 for the LQR controller and in
Figure 8 for the 4% controller. In each figure, one can
observe the linear displacement of the robot, the control
signal, and the robot’s tilt angle. Oscillations of the robot
around the displacement reference can be noticed, with
the maximum voltage not reaching 5V and the maximum
tilt angle not exceeding 0.168 rad. By the robot’s tilt angle,
it is clear that the robot kept its upright position.

These results were compared using performance indi-
ces (Ogata, 2009), defined as

ITAE = [tle(t)|dt (28)
ITSE = [te(t)’dt (29)
IAE = [le(t)|dt (30)
ISE = [e(t)*dt. (31)

Table 2 presents the performance indices (28)-(31) cal-
culated for the experimental tilt angle and displacement
error for reference (27), where the Two-Wheeled Self-Bal-
ancing Robot was controlled using the LQR and %
controllers. The results indicate that the #% controller
consistently achieved equal or better performance than
the LQR controller, minimizing the robot’s tilt angle and
reducing the error between the robot’s displacement and
its reference trajectory.

Table 2. Performance indices (28)-(31) for real Two-Wheeled
Self-Balancing Robot using ramp-like reference (27).

Index Tilt angle of Linear displacement
the robot (a) error of the robot (x - r)
LQR I LQR I
ITAE 141.32 134.79 99.10 96.18
ITSE 5.46 4.84 2.56 2.32
IAE 2.51 2.42 1.74 1.74
ISE 0.09 0.08 0.04 0.04
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In the second set of experiments, we used a sinusoidal
reference given by

s(t) = 0.3 sin (0.1 ¢) (32)

The simulation and the practical test results using
reference (32) are presented in Figures 9 and 10 for
LQR and J% controllers, respectively. In these figures,
one can observe the linear displacement of the robot,
the control signal, and the tilt angle of the robot. In this
experiment, there are fewer oscillations around the
displacement reference compared to the previous one,
with the maximum voltage not exceeding 4.5 V and the
maximum tilt angle being 0.127 rad. As in the last set of
tests, the robot kept its upright position.

The performance indices (28)-(31) were also employed
to compare the experimental results obtained from tests

conducted on the Two-Wheeled Self-Balancing Robot
for the reference trajectory described in (32). Table 3
summarizes the results. It can be observed that the 7%
controller consistently outperformed the LQR controller,
achieving superior performance values across the evalu-
ated metrics.

Table 3. Performance indices (28)-(31) for real Two-Wheeled
Self-Balancing Robot using sinusoidal reference (32).

Index Tilt angle of Linear displacement
the robot (a) error of the robot (x - r)
LQR Hoo LQR H
ITAE 159.90 147.33 131.45 100.96
ITSE 5.64 4.72 3.77 2.23
IAE 2.84 2.58 2.34 1.79
ISE 0.10 0.08 0.07 0.04
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Figure 7. Linear displacement of the robot, control signal, and robot’s tilt angle using reference (27) and LQR control (19).
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Figure 8. Linear displacement of the robot, control signal, and robot’s tilt angle using reference (27) and H% control (26).
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Figure 9. Linear displacement of the robot, control signal, and robot’s tilt angle using reference (32) and LQR control (19).
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Figure 10. Linear displacement of the robot, control signal,

In Figures 7-10, one can observe that the designed control
strategy successfully allowed the Two-Wheeled Self-
Balancing Robot prototype to follow the references for its
displacement while maintaining its balance. Noises and
unconsidered dynamics are present in the prototype, not
the simulations. Despite that, the implemented strategies
could handle this difficulty in the actual application.

The level of oscillation observed in the robot’s tilt an-
gle can be attributed to structural characteristics such
as a high center of mass and narrow wheelbase. While
design changes could mitigate these factors, this study
focuses on developing and testing the control strategy
under the current prototype configuration. Future work
could explore the impact of structural optimization on
control performance.

5. Conclusions

This paper explored the control of a Two-Wheeled
Self-Balancing Robot by designing two discrete-time
controllers with an integrator in the feedback control
loop, employing LQR and #% techniques. Unlike pre-
vious works in literature, the objective was to balance
the robot while ensuring it followed a desired reference
for its linear displacement. Simulations and experimen-
tal tests were conducted using ramp-like and sinusoidal

60 110 120

Time (s)

and robot’s tilt angle using reference (32) and s control (26).

reference signals to evaluate the robot’s linear displace-
ment performance. Both control strategies demonstrated
satisfactory results, achieving the desired position while
maintaining balance. During experimental tests, the #%
controller exhibited equal or superior performance com-
pared to the LQR controller across all tested indices (ITAE,
ITSE, IAE, and ISE).

While this study focused on evaluating control strat-
egies under the current prototype configuration, it is
acknowledged that specific structural characteristics,
such as the robot’s high center of mass and narrow
base, may have contributed to observed oscillations.
These design choices were intentionally maintained to
test the robustness of the proposed controllers in sub-
optimal conditions. Future work could explore hardware
optimizations, such as lowering the center of mass or re-
distributing weight, to complement the presented control
strategies and further enhance system stability.

Future work will still aim to mitigate displacement er-
ror further and simultaneously reduce robot oscillations
concerning the vertical position by exploring alternative
control techniques.
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