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Abstract: The aeropendulum is a nonlinear system that consists of a rod equipped with a motorized
propeller at one of its ends and connected to a pivot at its other end. This pivot receives a torsional
moment through the aerodynamic effects generated by the propeller thrust force. From a control point
of view, the aeropendulumis a plant that imposes a significant complexity on the design of controllers.
In view of that, this system can be used in didactic observations and real applications of control theory
concepts. This work presents the model identification and H,, control of an aeropendulum system
prototype. The model has as control input the voltage applied to the motor that drives the propeller
and the rod angle as system output, measured by an incremental encoder. The identification process
was conducted using the ident function of the Matlab® software. Based on the obtained model, an #,,
controller was designed to stabilize the system around the operating point, maintaining the rod in a
specific position. A square wave was used as a reference for the angular variation of the rod to verify
the controller's efficiency in tracking a required angular trajectory. Simulation and experimental tests
were conducted to validate the obtained mathematical model and the controller design. The results
confirmed that the considered methodology was satisfactory for the studied case.
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1. Introduction

Stability problems can be studied in different pendulum
systems. The aeropendulum, for example, consists of a rod
equipped with a motorized propeller at one of its ends,
whereas the other end is connected to a pivot point. The rod
moves by the aerodynamic effect created by the thrust force
of the propeller, which must be actuated according to the
desired position for the rod angle (Baskoro & Kurniawan,
2020). From the perspective of the control area, the
aeropendulum is a nonlinear system and can be controlled by
classical control techniques when the system is linearized
around the operating point (Job & Jose, 2015; Prasetyo &
Endryansyah, 2020; Yoon, 2016). Furthermore, in the literature,
the aeropendulumis also considered a simplified model of an
unmanned autonomous vehicle and can be used for teaching
dynamic systems and control techniques in engineering
education (Enikov & Campa, 2012; Taskin, 2017).

Some examples of control approaches in aeropendulum
systems are presented below: a PID controller applied to a
pendulum driven by propellers is discussed in the paper of
Mohammadbagheri and Yaghoobi (2011). Job and Jose (2015)
present the mathematical modelling of an aeropendulum
system and compare stability and position control between a
PID, LQR and PID controller based on LQR. A Fuzzy PID
controlleris proposed by Taskin (2017) for the angular position
control of an aeropendulum system. An observer-based Fuzzy
LMI regulator is used for stabilization and tracking control of
an aeropendulum (Farooq et al., 2015). Tengis and Batmunkh
(2018) developed a supervised machine learning algorithm for
controlling an aeropendulum. A digital PD controller and an
act-and-wait controller are shown in Habib et al. (2017).
Rodrigues et al. (2021) present tuning rules for a simplified
dead-time compensator to control the angular position of an
aeropendulum.

In particular, the H,, controller is also a valid option in
pendulum system applications, as shown in the following
works, which discuss: the stabilization of the wheeled inverted
pendulum (Rigatos et al., 2020; Thanh et al., 2019), and of a
Furuta pendulum (Rigatos et al, 2018); position and
orientation control on a Stewart platform (Breganon et al,,
2018); the stability control of a 2-degree-of-freedom quadrotor
(Sampaio et al., 2011); and the position analysis of a brushless
motor (Hans & Ghosh, 2020), component commonly used in
aeropendulum systems; among others.

Based on the aforementioned, this work presents a
modelling and control methodology for an experimental
aeropendulum system. First, the model is obtained by

identifying the plant around an operating point, using
the ident tool of the Matlab®. Then, the control strategy is
employed to stabilize the system close to a desired operating
point. The aeropendulum prototype considered in this work is
part of the Automation Laboratory of the Federal Institute of
Parané, Jacarezinho, Parand, Brazil and was developed in
partnership with the Federal Technological University of
Parana, Cornélio Procépio, Parana, Brazil.

The rest of the paper is divided as follows: In Section 2, an
overview of the aeropendulum prototype and the
identification of its mathematical model are presented; in
Section 3, the design of the H,, controller is described; results
and discussions are presented in Section 4; and the
conclusions, in Section 5.

2. Aeropendulum prototype and identification of its
mathematical model

This work considered the aeropendulum prototype shown in
Figure 1. The main components that constitute this prototype
are listed in Table 1.

The propeller, coupled to the brushless motor, is
responsible for generating the thrust necessary for the
movement in the system, enabling the angular variation of the
rod. A speed control signal drives the motor, and an encoder
measures the angular position of the rod. The speed control
drive and encoder are connected to a data acquisition board
from the National Instruments’ manufacturer, PCI-6602
model, used by an Intel Core 2 Duo E8600 3.33 GHz computer
with 2 GB of RAM. The computer supports the
Matlab/Simulink” software used to develop the methodology
presented in this work.

Table 1. Aeropendulum component list.

Number Item Description

Aluminum 6.35 mm in diameter,

01 rod 400 mm in length
Brushless Model: Mystery F2836, 3800

01 motor V/RPM

01 Battery LiPo 11.1V

01 Propeller 203.2 mm with pitch 5
Electronic

01 speed Imax =40A

control
o1 Encoder Type: incremental

600 PPR
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Aeropendulum ~ = T T T )

| Encoder |
A — — .

Figure 1. Aeropendulum prototype available at the Automation
Laboratory of the Federal Institute of Parana, Jacarezinho.

By considering the torque generated by the thrust of the
propeller (z(t)) as the input of the system and the angle of the
rod (6(t)) as a variable of interest, the aeropendulum system
can be described by a second-order nonlinear dynamics given
by

JO(@) = —(myly + mzlz)gsin(e(t)) —bO(t) o
+ 7(t),

where | is the total moment of inertia of the mobile parts of
the system, m; and m, are the mass of the rod and
motor+propeller set, respectively, [, and L, are the distances
between the centers of mass of the rod and the
motor+propeller set to the rotational pivot of the system,
respectively, g is the acceleration of gravity, and b, the viscous
friction coefficient of the rotational pivot (Enikov & Campa,
2012; Farooq et al, 2015; Job & Jose, 2015; Khoirudin &
Endryansyah, 2020; Taskin, 2017).

Let the operating point of the aeropendulum be given by
(69, Tg), Where @, is the angle of the rod at the operating point,
and tg, the torque that produces the angle 6y. So, it's possible
to linearize Eq. 1 around this point, resulting in the transfer
function given by

AB(s) kq
AT, (s) s2+k,s+ks’

(2)

in which AG(s) is the Laplace transform of the rod angle
variation: A@(t) = 8(t) — 6,, AT,.(s) is the Laplace transform

of the torque variation: Az(t) = 7(t) — 7o, and k4, k, and ks
are constant coefficients that depend on the operation point
(60, To)-

In this work, the voltage applied to the motor is the input
of the model. Thus, the relationship between the applied
voltage and the torque in the rotational pivot must be
considered. This relationship was considered as a first-order
dynamic, represented by

AT,(s) _ ks
AU(s)  s+kg

(3)

where AU(s) is the Laplace transform of the voltage variation,
Au(t) = u(t) —uy, applied to the motor, and wu, is the
voltage producing the torque ty.

Note that the dynamics between voltage and rod angle is
given by a third-order transfer function (Eq. 2 and Eqg. 3 in
series). As shown in the following subsection, this model
proved to be adequate for the data collected in the
identification process.

2.1. Identification process

In order to establish a linear mathematical model for the
aeropendulum system shown in Figure 1, an identification
process was performed using the ident tool from Matlab’. The
obtained model was used in the design of the H, controller
for the system and to perform simulations.

A test was conducted in the prototype to collect the
experimental data used to identify the mathematical model.
Initially, a step signal of amplitude uy, = 1.3 V was applied to
the system input. This input caused the aeropendulum rod's
movement from the rest condition (rod pointed downwards)
to the operation angle 8, = 1.1 rad. This angle and voltage
were considered the operation point for the experiment. After
the system stabilized in the operation point, a step signal of
Au(t) = 0.3V was added to the system's input. This
additional signal played the role of input in the model of Eq. 3.
Along with the u(t) signal, the evolution of the system output
6(t) was also recorded. Then, the angle variation was
obtained using AB(t) = 0(t) — 6.

After that, the ident function of Matlab® was used. The input
signal was the step increment Au(t), while the output was the
response angle variation A@(t). Finally, a third-order model
was chosen for the transfer function, resulting in the transfer
function shown in Eq. 4. This model fits the data collected in
the real system in 83.58%. Figure 2 shows the prototype and
simulated responses based on the system model and
amplitude step input Au(t) = 0.3 V.

A0(s) 30.82
AU(s)  s3 + 3.044s% + 17.84s + 43.54

(4)
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Measured and simulated model output
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Figure 2. Step response of the aeropendulum prototype
(Experimental) and step response of the model given
by Eq. 4 (Simulated).

3. H 4, Control design

The standard H, control problem is formulated to find a
controller K(s) such that the closed-loop system is stable and
keeps the desired performance. First, consider the diagram of
a SISO feedback system, shown in Figure 3 (Doyle et al., 1989;
Oliveiraetal., 2017; Zhou et al.,1995).

Figure 3. Typical diagram of a feedback system
(adapted from Oliveira et al., 2017).

From the feedback diagram represented in Figure 3, we
obtain

e=r—y=S(r—d)+Tn+SGd, (5)
u=KS(r—n-—d)+5d, (6)
where d; is the plant’s input disturbance, d is the output
disturbance, and n represents the sensor’s noises. In Egs. 5

and 6, the sensitivity function S(s) and the complementary
sensitivity function T(s) are given by

S(s) = (I +G(s) K(s)) ™" (7)

T(s) = GKE)( + () K(s)) ™ ®
=1—S(s).

From Eq. 5, for e to be small compared to the disturbances
d and d;, and the reference signal r, S(s) must be small. On
the other hand, T (s) must be small to obtain a small effect of
the noise n on the errore. However, T(s) + S(s) = I and then
itisimpossible to simultaneously reach both of the mentioned
objectives at the same frequency range. Another critical point
in the controller design is the magnitude of the control signal
u, which must be small in order to stay within the physical
constraints of the system (within the saturation limits). From
Eqg. 6, this can be achieved if, in addition to S(s), K (s)S(s) has
a small amplitude. In these discussions, the size of the
complex functions is understood through its H,, norm, which
is defined as

IS1les = suplSGw)l. (9)

Thus, specifications for attenuation of disturbance and
steady-state error can be defined by means of an upper bound
limit of the norm of S(jw), defined in Eq. 9, that is

ISGo)| < W (o)l V o, (10)

where W;(jw) ponders S(jw) and reflects the desired
attenuation for each frequency w.

From Eq. 6, a constraint on the control signal u can be
introduced by a bound on K(jw) S(jw), which can be
achieved by imposing

IK(jw) SGw)| < W; ' (jw)|,V w, (11)

such that the function W, (jw) limits the control input within
an acceptable range, avoiding the saturation.

In order to guarantee the robust stability of the system, an
upper bound of the complementary sensitivity function can be
specified by

ITGw)] < W5 (jw)l.V w, (12)

where the function W (jw) minimizes the peak of T(s), so
that oscillations are mitigated and stability is guaranteed
(Oliveira et al., 2017). However, Wz (jw) and W; (jw) conflict,
especially at low frequencies, due to the relation S(s) +
T(s)=1

The constraints described by Egs. 10, 11 and 12 can be
understood as a restriction in the H,, norm of an augmented
plant based on the diagram of Figure 3. The augmented plant
with the weighting functions is presented in Figure 4, in which
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w and u are the augmented system’s inputs, z;, z,, z3 are the
outputs, and e is the error. In this diagram, w and u
correspond to the reference r and the control signal u defined
in Figure 3, respectively.

From the diagram of Figure 4, considering the output
vector z = [21 Zz Z3]T and the input w, the transfer
function matrix T, is given by Eq. 13.

T,, = |W.KS|. (13)
WsT
iAugmented plant P(s) W) i z,
: :
1 1
AN |
: ? !
! 1
1 1
I T
L e e e e e e e e e = 4

Figure 4. Augmented plant for the H,, control design
(adapted from Oliveira et al., 2017).

The norm constraints defined in Egs. 10, 11 and 12 can be
described by means of a bound in the H,, norm of Ty, (Eq. 13):

W,S
W,KS
W,T

”Tzw”oo = <v. (14)

Understanding the effects of the weighting functions
W, (jw), W, (jw), and W5 (jw) on the control system is crucial
for modeling the specifications according to the desired
response characteristics of the system. In view of this, the
following weighting functions were adopted to minimize the
steady-state error, restrict the control input, and ensure
stability:

ey 225 .

109 = 7000025
45
_ & 16
Wa(s) =5 (16)
100s + 20
_sT ey 17
Ws(s) = —T500 S

The H,, controller for the aeropendulum was designed
using the function hinf of Matlab’, the model of Eq. 4, and the
weighting functions from Egs. 15, 16, and 17. The resulted
controller is described in state space by

x=A.x+ B.e
u=~=C.x+D_.e, (18)
where
—458 458 -—-734 19.63 -0.33
-281 -239 295 —-6.21 0.11
A, =] 1.31 1.35 —-3.88 15.57 -0.26
0.85 6.46 —242 -—-144 0.21
0 0 0.0003 —-500
[ 0.567 ] (19)
—3.143
B, =1 —9.104
—45.752
0.0001
C.= 0314 —-0.504 0.683 —2.713 0.046]
D, = [0].

Figures 5,6, and 7 show the Bode diagram of S(jw) (Eq. 7),
K(jw)S(jw), and T (jw) (Eq. 8) for the controller given in Egs.
18 and 19, the plant in Eq. 4, and the inverse of the weighting
functionsin Egs. 15, 16 and 17. It is possible to notice that the
constraints in Egs. 10, 11, and 12 were satisfied by the
designed controller.

Bode Diagram
20

-20

-40

Magnitude (dB)

-60

—8

-80 - — T
1071% 10710 10°° 10°
Frequency (rad/s)

Figure 5. Bode diagram of the sensitivity function S(jw) (Eq. 7)
for the closed-loop plant Eq. 4 with the controllerin Egs. 18 and 19,
and the inverse of W (s) in Eq. 15.
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Bode Diagram
30 - R —— —r

20F

10

-10F

Magnitude (dB)

-20

30t St
W2
—KS

-40
107 10° 10" 10? 103
Frequency (rad/s)

Figure 6. Bode diagram of K (jw)S(jw)
for the closed-loop plant Eq. 4 with the controllerin Egs. 18 and
19, and the inverse of W, (s) in Eq. 16.

Bode Diagram

20

-20

Magnitude (dB)

-40 -

,60 L

-80 !
107! 10° 10" 10° 10°
Frequency (rad/s)

Figure 7. Bode diagram of the complementary sensitivity

function T (jw) (Eq. 8) for the closed-loop plant Eq. 4 with the
controllerin Egs. 18 and 19, and the inverse of W5 (s) in Eq. 17.

4. Results and discussions

Based on the identification and design methodology of the
H,, controller, steps presented in Sections 2 and 3, respective-

ly, experiments were carried out to validate the proposal of
this work through simulation and tests with the real
aeropendulum. Thus, the aeropendulum prototype shown in
Figure 1 and the block diagram shown in Figure 3 were
considered for the operating point (6y,uy). The resulting
control structure is shown in Figure 8, where y corresponds to
the angle of the rod in the aeropendulum.

L ——{ K(s)

Controller

Aeropendulum

Ay

Figure 8. Block diagram of the closed-loop aeropendulum
working around an operation point.

A square wave with 0.26 rad of amplitude, period of 20 s,
and pulse width of 50% was applied as a reference input for
AG(t) in the aeropendulum system (simulation and real
prototype). The simulation used the model in Eq. 4, and both
simulation and bench experiment used the controller in Egs.
18 and 19 and the control diagram in Figure 8. The results
allowed validating the model, which was carried out through
the identification, and the design of the H, controller. Figures
9, 10, and 11 show the obtained results.

One can observe in Figure 9 that the system output (rod
angle variation) has an oscillatory characteristic in the real
system result. However, the rise time in the simulation and the
experimental are similar. This similarity between the results is
due to the fit of the model with the data from the real plant,
which is 83.58%, as mentioned in Section 2.

In Figure 10, the system error is shown for both simulation
and experimental tests. In both cases, the H, controller acted
to tend the error to zero, ensuring the system's stability and
the tracking of the reference.

Figure 11 shows the control signal in simulation and
experimental tests, which were satisfactory in stabilizing the
system and maintain the system output following the square
wave reference. Furthermore, it is possible to observe that the
simulation and experimental plant's control signal presented
similar characteristic.
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Angular Position

0.3}

0.2}

Angle [rad]
o

0.1+ =Simulated Experimental = = 'Reference -

0 10 20 30 40
Time [s]
Figure 9. Angular variation of the aeropendulum rod 46 (t) around

the operation point in simulation (Simulated) and experimental
tests (Experimental), and its reference (Reference).

Error

Error

03" . —ISimulated i Experim?ntal ,
0 10 20 30 40
Time [s]

Figure 10. Error between angular variation of the aeropendulum rod
around operation point and its reference in simulation (Simulated)
and in experimental tests (Experimental).

5. Conclusions

This work presented the model identification, H,, controller
design, and experimental tests of an aeropendulum system
prototype. The model obtained is linear and valid around an
operating point, and the controller aimed to stabilize the system
in the operation point and track a reference around this point.

Control Signal

1

0.5
2
o

= 0
=

-0.5

— Simulated Experimental
0 10 20 30 40
Time [s]

Figure 11. Control signal variation Au(t) computed in simulation
(Simulated) and in experimental tests (Experimental).

A square wave was applied as input to the mathematical
model obtained (simulation) and to the real prototype to
evaluate the controller's performance in tracking the desired
reference and stabilizing the system.

The results showed oscillations in the response of the real
system. Still, it was possible to observe that the rise time, the
error, and the control signal showed similar characteristics in
both simulation and bench tests. Therefore, the methodology
used was satisfactory for the case studied.

Further works intend to use other control techniques and
other mathematical modeling methodologies to verify the
efficiency of such procedures and compare them with the
results presented in this paper.
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